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Abstract

In this report, we study the positioning accuracy of Cooperative Localization and Target Tracking (CLATT)
in a network of mobile robots, and derive analytical upper bounds for the positioning uncertainty. The obtained
bounds provide a description for the asymptotic positioning performance of the robots and the targets as a function
of the sensor characteristics, and the structure of the graph of relative position measurements. By employing an
Extended Kalman Filter (EKF) formulation for data fusion, two expressions are derived for the asymptotic positioning
performance. One expression provides the guaranteed worst-case positioning accuracy, whereas the other determines
an upper bound on the expected position estimates’ covariance. We investigate the effects of jointly estimating the
targets’ and the robots’ position, and demonstrate that it results in better accuracy for the robots’ position estimates.

1 Introduction

The idea of employing sensor networks for target tracking has recently become attractive, as the result of advances in
the manufacturing of low-cost communication and sensing devices. When multiple nodes of a sensor network measure
the distance and bearing to a target of interest, the acquired data can be processed (either at a central fusion center or in
a distributed fashion) in order to estimate the target’s position. When instead of static, mobile sensors are employed, a
larger area can be covered without the need to increase the number of nodes in the sensing network [1]. Moreover, the
configuration of the sensors can be changed so as to adapt to the motion of the target. For example, a team of robots
can actively pursue a target to prevent the target’s escape from the visibility range of sensors [2].

When a team of robots is employed to track a number of targets, the position of the robots (Localization) and the
position of the targets (Tracking) need to be concurrently estimated. In this report, we study the problem of Cooperative
Localization and Target Tracking (CLATT) in scenarios where teams of, possibly heterogeneous, mobile robots track
the position of multiple targets. One of the main results of this report is a proof that jointly estimating the position
of the robots and targets results in better accuracy for the robots’ position estimates, compared to when the robots
localize ignoring the targets. Intuitively, this can be justified by considering that the robots are implicitly performing
observations of their relative positions by measuring the range and bearing to the same targets.

Another significant contribution of this report is to examine the robots’ performance on average and in the worst
case. This is a common question that is always addressed before any investment in system development is made. In
this work, the term performance refers to the accuracy of position estimation and is assessed by the covariance of the
position estimates for the robots and targets. Analytical upper bounds for the uncertainty of the robots’ and the targets’
localization are presented that are functions of the sensors’ characteristics and of the structure of the sensing graph
that connects the robots and targets. Furthermore, it is shown how a priori information about the distribution of the
positions of the robots and the targets can be utilized to derive an upper bound for the expected value of the position



estimates’ covariance. The developed upper bounds can be employed in order to predict the position accuracy attained
in a certain tracking application, and thus can facilitate the task of sensor selection, so as to meet the requirements of
the application.

In this report, we consider the case where: (i) all robots are equipped with proprioceptive sensors that measure
velocity, and are provided with orientation estimates of bounded uncertainty, (ii) one of the robots is equipped with
a GPS receiver, enabling it to obtain absolute position estimates, and (iii) the robots are capable of measuring the
relative positions of other robots and targets. These robot-to-robot and robot-to-target measurements are presented by
the Relative Position Measurement Graph (PRMG). This is a connected and directed graph, whose vertices represent
the robots and targets and edges represent the relative position measurements between them.

2 Related Work

The problem of target tracking using multi-sensor networks has been the subject of extensive research in recent
years [3, 4, 5]. Most researchers address the problem of tracking with a network of static sensors, nevertheless,
several approaches have been proposed for target tracking with mobile robots. For example, Parker [6] has developed
a control strategy for multi-robot teams to minimize the total time in which the target can evade being observed by
the robots. Several region-based approaches to target tracking by mobile robots have been developed by Jung and
Sukhatme [1, 7]. A hierarchical algorithm for localization and tracking using directional sensors is presented in [8].
Stroupe et al. [9] propose a distributed action-selection algorithm that can be employed in order to optimize the robots’
trajectories, with respect to the targets’ position covariance. Despite their importance for practical applications, none
of the aforementioned approaches address the problem of determining bounds on the performance (accuracy) of the
robots’ and targets’ localization.

A number of approaches aimed at providing a description of the localization accuracy during target tracking have
been developed for the case in which the sensors remain static. In [10], an optimal approach for fusing target tracking
data is developed, and its performance is evaluated using Monte Carlo simulations. An analytical performance eval-
uation of this method is also provided in [11]. Zhang et al. [12] have studied the Cramer-Rao Lower Bound (CRLB)
of the covariance of a target’s position estimates. The CRLB for tracking manoeuvering targets is presented in [13].
In [14], the performance of a wireless sensor network in the presence of communication delays and false alarms is
analyzed and compared to the CRLB. All aforementioned approaches focus on static sensor networks exclusively, and
the results cannot be readily extended to networks of mobile sensors. Additionally, although the CRLB is especially
useful for the evaluation of suboptimal target tracking algorithms, it cannot be employed to determine the worst-case
performance of tracking, which is of interest before the deployment of a system in any application.

The main contribution of the work presented in this report is the characterization of the steady-state accuracy of the
position estimates in Cooperative Localization and Target Tracking (CLATT). This is achieved by deriving analytical
upper bounds of the steady-state covariance matrix of the position estimate, for the worst-case scenario as well as
for the average case, i.e., the case where a probabilistic description of the targets’ and robots’ positions is known in
advance. Moreover, when the process noise in the target motion model is infinite (i.e., no prior information of the
target’s motion model is available), a study of the localization accuracy provides a worst-case performance bound over
all possible motion models that employ prior information. This analysis also demonstrates that the robot’s position
estimates are always betfer when, in addition to robot-to-robot measurements, the robots also process robot-to-target
measurements.

3 Problem Formulation
3.1 Position propagation
The discrete-time kinematic equations for the ¢-th robot are

Ty (k+1) = 2, (k) + Vi(k)t cos(¢i(k)) (D
Yri(k+1) = yr, (k) + Vi(k)ot 51n(¢z(k)) 2

where V; (k) denotes the robot’s translational velocity at time k and 6t is the sampling period. These equations imply
that the robots are moving in a 2D plane. In the Kalman filter framework, the estimates of the robot’s position are
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propagated using the measurements of the robot’s velocity, V;,, (k), and the estimates of the robot’s orientation, qAbi(k)

Ty, = &, " + Vi, (K)OE cos(i (k)

Tigt1)k

Gripy, + Vi (k)3 sin(¢i (k)

y”k+1\k

Clearly, these equations are time varying and nonlinear due to the dependence on the robot’s orientation. By linearizing
Egs. (1) and (2), the error propagation equation for the robot’s position is readily derived:

%”ch B [ 1 0 ] %/Tik‘k n [ 6tcos(q§i(k)) —Vin, (k) (5ts1n(¢f K)) } [ wy; (k) }
7 1o 1 5tsin(gi(k)) Vi, (k)0t cos(y(k)) bilk)
+ G, (k) Wi(k) 3)

Yririie Yrine

s X Isyo )?

Tipyile Tiglk

where! wy; (k) is a zero-mean white Gaussian noise sequence of variance 0‘2/1, , affecting the velocity measurements and

¢i(k) is the error in the robot’s orientation estimate at time k. This is modeled as a zero-mean white Gaussian noise
sequence of variance 02
From Egq. (3), we deduce that the covariance matrix of the system noise affecting the i-th robot is:

Qr, (k) E{G (k)W (k >WT<k:>GT (k)}

(&) E{W; ()W (1) }GL (k)

[ 5tcos(g£i(k)) fVmi(k)&Sin(qgi(k)) ] [ 0% 0 } { 5t cos(i(k))  —Vim, (k)3t sin(c; (k) r
Stsin(gi(k))  Vim, (k)0 cos(¢i(k)) 0 o3 5tsin(i(k)) Vi, (k)0 cos(i(k))
_ [ cos(¢i(k))  —sin(i(k)) } { it*of, 0 } { cos(¢i(k))  —sin(i(k)) r
T | sin(dik)  cos(¢i(k)) 0 6t*V2 . (og, | | sin(gik))  cos(ei(k))
~ (51520"2/' 0 T/

where C(¢;) denotes the 2 x 2 rotation matrix associated with ;.
A zero velocity model is used to model the targets’ 2D motion [15], hence, the state propagation equations for the
i-th target are
Xr =Xr + (5tWTl(k)

k+1|k ‘k|k

where Wr, = [wr, wr,, ] is the noise process, introduced in the target’s motion model to express the uncertainty
in the actual motion of the target.
The error propagation equation is given by:

Ele+1|k~ — |: 1 0 :| ”clk
YT 0 1 YT,

& X p = Iy Xrwp + 0t Wr(k) 5)

+ ot { vr. () }

ty

and the covariance of the system noise of the target is

o2, 0
Qr = E{o*Wr(R)W] (k)} = 6t° l 0 o3 ] = 01°0% Ioo = Qr (6)

where o is the variance of the targets’ system noise, assumed to be homogenous along all three axes, and identical
for all targets. The state vector for the entire system is defined as the stacked vector comprising of the positions of the
robots and the targets, i.e.,
_ T T T T 1T
X_[X'rl o X X7 - XTN}

™M

1Throughout this report, Oy, % denotes the m X n matrix of zeros, 1,,xn denotes the m X n matrix of ones, and I, x,, denotes the n X n
identity matrix.
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Hence, the state transition matrix for the entire system at time-step k is ®; = I2ps 42N, and the covariance matrix of
the system noise is:

Q) = Qr(k)  Oaprxan 7

O2n x2nm Qr

where Q. (k) = Diag(Q,,(k)), and Qr = Iy ® (Qr) are block diagonal matrices describing the system noise
covariance for the robots and targets, respectively.
The equation for propagating the covariance matrix of the state error is written as:

Priijp = Prjp + Qk) ®)
where P, = E{)?kﬂ‘k)?gﬂ‘k} and Py, = E{)?k‘kf(,z‘k} are the covariance of the error in the estimate of
X (k+ 1) and X (k) respectively, after measurements up to time k have been processed.

3.2 Measurement Model

At every time step, the robots perform robot-to-robot and robot-to-target relative position measurements. Also one
of the robots, say the first one is equipped with GPS. The relative position measurement between robots r; and r,,, is
given by:

Britm = CT(QI)Z’) (er - Xn) + rirm ©)

where r; (rp,) is the observing (observed) robot, and n., . is the noise affecting this measurement. Similarly, the
measurement of the relative position between r; and the target is given by:

zrr = CT(¢5) (X7 — X)) + 1z, (10)

The similarity of the preceding two measurement equations allows us to treat both types of measurements in a uniform
manner. We denote by S;; the subject of the j-th measurement performed by robot i, i.e.,

Sij €{ri,r2, ., T Ty oo T\ {7}
Thus, the general form of the relative position measurement equation is:
Zij = OT(d)l) (stij - XH) + Nzij (11)

Assuming that the ¢-th robot performs M; relative position measurements, the index j assumes integer values in the
range [1, M;] to describe these measurements. By linearizing the last expression, the measurement error equation is
obtained:
Eij(k +1) = zi5(k+1) — ﬁlj(k +1)
T 7 v v T 7 o o Y
= CT(Gitk+1) (Xs.y warie = Xro ) = CTBitk+ 0T (X, i = Koo e ) itk + 1) + gy (b 1)

_ CT(gﬁAl(k+1)) [ 02><2 _I2><2 IZX2 02><2 ]
i i )’ZSM
L
T o Ny, (k4 1)
+ { Ioyo C (¢1(k+1))Jpr k+1|k :| [ Gi(k+1) :|
= Hij(k + D)X gy + Dij(k + Dngg(k + 1) (12)
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where

-X

Ti k+1]k

0 -1 —~ .
Jo= |:1 0 :|’ Apijk+1|k :Xsij k1lk

and we note that the measurement matrix for this relative position measurement can be written as

OQXQ —IQXQ IQXQ ngg
—— ~—~—

Hij(k+1) = OT(@(HU)[ = CT(¢i(k+1)H,,,  (13)

T4 Si_j

Ateach time instant robot ¢ records M relative position measurements, described by the measurement matrix H ;(k + 1),
i.e., a matrix whose block rows are H;;(k+1),j = 1...M;, ie.:

H, CT(s(k + 1)) H,,,
H; cT Aik-i-l }L,i2

Hik+1)=| . |= (qb(. ) =8 (k+1H,, (14)
Hi, CT((bAi(k + 1))H0i1\413

in the last expression H ,, is a constant matrix whose block rows are H,,,,j =1...M;, and E 3, (k+1) = Ing s, ®
C(s(k + 1)), with ® denoting the Kronecker matrix product.
In addition to measuring relative position measurements, one robot receives measurements of its position in the

global coordinate frame. Assuming that robot 1 is equipped with a GPS, the associated measurement matrix is:

Heps = [Iax2, Oaxaniian—2)]

The measurement matrix H(k + 1) describing all the measurements that are performed time step &k + 1 is a matrix with
block rows H;(k+1),i=1...M,1i.e.,

=T
.—TH%HOO HOO
:#1 (k+1)H,, H,
Hpk+1) = | Ej,k+DHo, | = Diag (EZ (k + 1)) H,, | =2"k+1H, (15)
EgM (k+1)H,,, Hoy,

where ZE(k + 1) = Diag (qu (k + 1)) is a block diagonal matrix with block elements Eéi(k +1),fori =0... M,

i

= o (k + 1) is identity rotation matrix, and H, is a matrix with block rows H,,,7 =0... M while H,, = Hgps.

e Measurement Error

The covariance for the error of the j-th measurement of robot i is given by

‘Rjj(k+1) = Dk +1E{n;k+1n;k+ DIk +1)
= R.;(k+1)+R; (k+1) (16)

This expression encapsulates all sources of noise and uncertainty that contribute to the measurement error z;; (k + 1).
More specifically, R, (k + 1) is the covariance of the noise n,, (k + 1) in the recorded relative position measurement

zij(k+1)and R 5, (1) is the additional covariance term due to the error éi(k + 1) in the orientation estimate of the
measuring robot. The latter is given by:

~ — ~ —~T ~
T ( itk + 1))JApijk+l‘kE{qﬁiz}Apiij‘kJTC(gbi(k +1)

~ — —T ~
03,01 (Gilk+ 1) T Apyj ,, Apij, ., T Cldilk+1)) (17)

RaLj (k+1)
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From this expression we conclude that the uncertainty o2 », in the orientation estimate ¢l k + 1) of the robot is amplified
by the distance between the robot and corresponding target. Each relative position measurement is comprised of the
range p;; and bearing 0;; of the target, expressed in the measuring robot’s local coordinate frame, i.e.,

pij(k + 1) COS Vij (k‘ + 1) (o)) 0ij (k + 1)

pij(k+ 1) cos y;j(k + 1) sin 0;5(k + 1) e (k+1) (18)

zij(k+1) = |:
By linearizing, the noise in this measurement can be expressed as:

cos¥;j costi;  —pijsiny;; cos 0y Np,; (k+1)
cos¥;jsin6;;  —pjsind,;sinb;; Ny, (k+1)

nZij(k+ 1) = |:

where Ny, is the error in the range measurement, ng,; is the error in the bearing measurement, assumed to be inde-
pendent white zero-mean Gaussian sequences, and

T —
A2
Pij = Apijk+1|kApijk+1\k

éij = Atan2(Ayijk+l‘k,Axijkﬂ‘k) — gigq;(k +1)

are the estimates of the range, bearing and planar range of the targets, expressed with respect to the robot’s coordinate
frame. At this point we note that

Chilk+ D)., (k+1) =
[ cos gzgi(lc +1) —sin gﬁi(k +1) cos éij —psj sin éij Ny, (k+1)
| sin q[;i(k +1) cos qu-(k: +1) sin éij pij cOs éij ng,; (k+1)

- coS(flgz k+1)+ HA”) —Pij sin(qgl k+1)+ é”) Np,,; (k+1)
Sln((bl k+ 1 + 9” le COS(¢Z k+ 1 + ezj) neij (k + 1)

)
(k+1
L 5p, J5p, | [ o kili (19)
and therefore considering C7 (¢)C(¢) = Iax2, the quantity R, (k + 1) can be written as:
R. (k+1) = E{n. (s+1)nl (k+1}
T 1
Ar R

= CT(di(k+1)) Pu p” {”Pw‘ } {”Pw‘ } pis ~Pij C(pi(k+1))

JA ng,; ne,; JAPZJ

-Ap, o2 0 L Ap, A
— i(k+1 Pw/\ j |: Pi :| pw j C i(k+1
CT(gik+1)) T, 0 o3 || %, (Gilk+1))
~ 0'2 ~

= CT(di(k+1) ﬁgl Ap”Aplj—l—ae JAp”Ap”JT C(dik+1))

ij

~ 0'2 ~

= CT(bik+1)) pm (pwfm - JAp”Ap”JT) + 03 JBpyy Apys T | Clitk + 1)

ij
- T 2 ] 2 %0\ K, Bl aT ) cé 20
= (Bi(k+1)) 0, laxa + | 0y, — 52 P;;RADij (Gi(k+1)) (20)

ij

where the variance of the noise in the distance and bearing measurements is given by

op = Blng} o op, = E{nj,}

respectively. Due to the existence of the error component attributed to &i(k +1), the exteroceptive measurements
that each robot performs at a given time instant are correlated. The matrix of correlation between the errors in the
measurements z;;(k + 1) and z;¢(k + 1) is

‘Rjpk+1) = Tyk)E{nijk+1)nk(k+ 1)} k)
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~ — —~T ~
= 05, CT (it +1)JApy, ., Apig, ., T C(Dik+1)) (21)

The covariance matrix of all the measurements performed by robot ¢ at the time instant k£ + 1 can now be computed.
This is a block matrix whose mn-th 2 x 2 submatrix element is *R,,,, for m,n = 1...M;. Using the results of
Egs. (17), (20), and (21), this matrix can be written as

Rik+1) = Ei(k+ DRy, (k+ 1) (k+1) (22)
where
2 2 2 Uii =~ T or 2 1A AT op
oy laxa + oy, T 05, — 7. JAp ApJt . U¢iJApilApi]\/IiJ
2 TAL =T .7 2 2 2 ”ii o =T o
05, JAPn, Ay J coo o daxo+ | 0y, + 0y, — i J AP, Apir, J
(23)

o
=07 Iontowont, + Ditk+ 1) | 03 Ingoxn, + 05, L, xr, — diag | =55 | | DF (e + 1)
ij
9 . o, T 2 T 2 T
:UpiI2MiX2Mi —Di(k‘—f—l)dlag o) Dz (k+1)+00iDi(k+1)Di (k+1)+U¢iDi(k:+1)1]\/[i><MiDi (E+1)
ij

Ro(k+1) Rs(k+1)
Rl(k+ 1)
(24)
where .
JApilkﬂ\k e 02><1
Dik+1) = .. : = Diag (JApiij\k)
02><1 JApiMik+1|k

is a 2M; x M; block diagonal matrix, depending on the estimated positions of the robots and landmarks. In Eq. (24)
the covariance term R (k + 1) is the covariance of the error due to the noise in the range measurements, Ro(k + 1) is
the covariance term due to the error in the bearing measurements, and R3(k + 1) is the covariance term due to the error
in the orientation estimates of the robot.

Since the measurements performed by different robots are independent, the covariance matrix of measurements
for the entire system is given by

R(k + 1) = Diag (R;(k + 1)) = Diag (EZ R, (k+ 1)5@) =BT+ DR (k+ 1)E(k +1) (25)

where R, is a block diagonal matrix with block elements R,,, 7 = 0... M and R, is the covariance matrix of GPS
measurement given by:

2
_ |9apPs, 0
Roo — |: O O—é‘PSy:| (26)

And 2 is the identity rotation matrix.
We now write the covariance update equation, which is

1
Priijptt = Pryip — Prape H + 1) (Hk + DPryr e H (k + ) + Rk + 1) Hk+ DPjpq
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= Pri1k

T

-1
— P HIZ R + 1) (E (k + )H Py g, HY ._.(k+1)+ET(k+1)Ro(k+1)E(k+l)> E (k+ DHPy 1
T

=Pii1pp — PrpipHY (HoPypq HY +Ro(k+1))_ H,Pi1)k 27

In order to derive the last expression, property = Ty = Lk +1) was employed. This property is a consequence
of the definition of matrix Z(k + 1), and the fact that the rotation matrices satisfy C7 (¢;) = C~1(¢;).

4 CLATT Positioning Accuracy Characterization

4.1 The Riccati Recursion

The metric we employ in order to characterize the positioning performance of the current problem is the covariance
matrix of the robots and target position estimates. By combining Egs. (8) and (27) we derive the discrete-time Riccati
recursion, that describes the time evolution of the covariance matrix:

“1
Piioesr = Pryap — PrppHY (H Py HD + R+ 1) H Py + Qe+ 1)

This recursion provides the value of the covariance matrix at each time step, right after the propagation phase of the
EKF. To simplify the notation, we set Py, = P 1|, and Pr11 = Py o111, and therefore we can write

-1
Piy1 = Pp—PH] (HPH] +R,(k+1) HPp+Qk+1) (28)

We note that the matrices Q(k + 1) and R (k + 1) in this Riccati recursion are time varying, and this does not allow
the derivation of any closed form expressions for the time evolution of Py, in the general case. Therefore we have to
derive some bounds for the covariance of the robots and target position estimates. The following two lemmas are the
basis of our analysis:

Lemma 4.1 IfR,, and Q. are matrices such that R,, = R (k) and Q. = Q(k) for all k > 0, then the solution to the
Riccati recursion

v = Pr—P/H! (H,P!H! +R,) H,P!+G,Q,G” (29)
with the initial condition P§ = Py, satisfies Pji = Py, for all k > 0.

Lemma 4.2 If R and Q are matrices such that R = E{R,(k)} and Q = E{Q(k)} for all k > 0, then the solution
to the Riccati recursion

Py = P,—P.H! (HPH +R) HP;+Q (30)
with the initial condition Py = Py, satisfies Py, = E{Py} forall k > 0.

Essentially, Lemma 4.1 maintains that in order to derive an upper bound on the worst-case covariance matrix of the
position estimates of robots and target, it suffices to derive upper bounds for the covariance matrices of the system and
measurement noise, and to solve a constant coefficient Riccati recursion. Similarly, Lemma 4.2 states that an upper
bound on the expected positioning uncertainty of the robots and the target is determined as the solution of a constant
coefficient Riccati recursion, where the covariance matrices of the system and measurement noise have been replaced
by their average values. The proofs for these lemmas are given in Appendices A and B respectively. In the remainder
of this section, we derive appropriate upper bounds, as well as the average values of the matrices Q(k) and R (k)
respectively.

e Derivation of upper bounds for Q(k) and R (k)

In order to derive an upper bound for the covariance matrix Q,.(k) we note that (cf. Eq. (7))

Diag(Q,,(k)) O2nrxen

k
Q&) 02N x2Mm IN ® Qr

€2y

TR-2005-004.r153 9



where for: =1... M:

and,

From the properties of rotation matrices it is known that C' 1 (dA)i(k)) = CT(QZH(k)), and thus @, (k) is related by a
similarity transformation to the matrix
[ §t?cd 0 }

0 SPV2 (o2,

fori =1...M. So the eigenvalues of Q,, (k),i = 1... M are §t*c¢, and 6t*V,2 (k)7 . We assume that the velocity
of each robot is approximately constant, and equal to V;, and denote

i :max(5 ov,5t2V2 (K)o, ) :max(é UV,5t2V2 ) ,i=1...M (32)
This definition states that g; is the largest eigenvalue of (), (k), and therefore

Qr, (k) = C(0i (k) @i Tax2CT (i (k) = qilaxz = Qu, (33)

fori = 1... M. Considering that Q7 is fixed and independent from the state vector variables, it can be used directly
as the upper bound:

2
Qur = Qr = {"gz ) ] (34)

O'Ty

Finally the upper bound for the covariance of the entire system can be written as:

(35)

Q, — [Diag(Qm(k)) O221%2N ]

02N 201 In ® Quy

The upper bound on R, (k) is obtained by considering each if its block diagonal elements, R, (k). Referring to
Eq. (24), we examine the terms R (k) , R2(k) and R3(k) separately for range measurement (GPS measurement will be
considered later). The term expressing the effect of the noise in the range measurements is

2

Ri(k) = 05, Ians, w2, — Di(k) diag ( ) DI (k) = 02 I, <2, (36)

pzj

The last matrix inequality follows from the fact that the term being subtracted from ‘7;2)1: Ion, x2m; 15 a positive semidef-
inite matrix. The covariance term due to the noise in the bearing measurement is
Ry(k) = 05, Di(k)D] (k)
1 2 7) ] ) .. ] ) ..
— 03 Diag ﬁ?j _ sin (0:5) X sin(6;;) 095(970)
sm(9 i) cos(6;;) cos?(0;5)
UgiDiag (ﬁ?jlgxg)

05.p2Ian, x2, (37)

A TA
[ V)

where p,, is the maximum range at which a measurement can occur, determined either by the characteristics of the
robots’ sensors or by the properties of the area in Which the robots move. The other covariance term is due to the error
in the orientation of the measuring robot, R3(k) = o2 o Di(k) L ag, DT (k). Calculation of the elgenvalues of the ma-

trices 1pz, x ar, and Ipg, « ag, verifies that 1y, < ar, = M;In, « ;. and thus we can write R3(k) < M; a¢ D;(k )DT(k)
By derivations analogous to those employed to yield an upper bound for Rz (k), we can show that

R (k) = M3 p2Iang, xau, (38)
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By combining this result with those of Egs. (36), (37), (38) we can write R, (k) = R1(k)+ Ra(k)+ R3(k) < R}, i =
1...M, where
R} = (Ugi + Mmipi + Ugip?)) Iong, xons, = Tidonr, xo2u; (39)

with
T = 0’2” + (Miaii + Ugi)pg (40)

For the R,,, the GPS measurement covariance is constant and equal to its upper bound:

2
u _ {UGPST 20 }
v =

0 gaps,

Thus an upper bound for R, is given by
R, (k) = Diag(R,, (k)) = Diag(R}') = R, (41)
e Derivation of the Expected Values of Q, (k) and R (k)

In order to derive the average value of Q,. (k) we note that fori =1... M

. St?o 0 5
Qr,(k) = C(asi(k))[ e 52V2, (k)o?, ]CT(@(H)

e | TG0V wed s®d)  (of, - Vi o )sm@»i)cos(&»)
( — V2 (k (ko )sm(gﬁl) cos(dsi) O'V sin (¢Z)+V2 (k) O’¢ cos (gf))

and therefore, by averaging over all values of orientation, the expected value of (), (k) is derived:

+ V
E{Q,,(k)} = 5t2%f2x2 = Gilax2

The system noise covariance of the target is assumed to be constant, so it is the same as its expected value

E{Qr} = { U(%‘” gy }

or
Thus,
_ _ Diag (E{Q,(k)}) 0327 x3N
= BE{Q®k} = { Osncsnr In ® E{Qr} ] (42)
(43)

Now the average values of the matrices R, (k), 7 = 1... M need to be determined, in order to compute E{R/ (k)}
(GPS measurement will be considered consequently). From Eq. (24) we note that evaluation of the average value of
R,, (k) requires the computation of the expected values of the following terms:

~ T
Ap, Ap, . —~ T —~ T

T = #, T = ApijApij7 and T3 = ApijApiT 44)

ij

for j,¢ = 1...M,;. The average value of T} is easﬂy derived by employing the polar coordinate description of the
vector Apij in terms of p;; and @;; = qbz E+1)+ 923» which yields (cf. Eq. (19))

—~ ~T
Ap. A,
o= St
Pij
_ 1 Py cos®(Pij) i Sln(%])cosm])
ﬁ?j pz] sin(4;) cos(Pij) P2 sin (‘Pl])
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_ Py cos® (pij) Py, sin(iz) cos(@ij)

= | fusmen) P sen) 008 5)
Pij Sm(‘Plj) COS(SOU) Piy S (‘Pz])

From the last expression we conclude that for any probability density function that guarantees a uniform distribution

for the bearing angle on [0, 27], the average value of the term T is

1
E{T\} = §sz2

In order to compute the expected value of the terms 75 and 73, we assume that the robots and the target are located in a
square arena of side «, and that their positions are described by uniformly distributed random variables in the interval

[—a/2, a/2]. Thus we can write,
— 2 — —
Aoy Avylyy

} (46)
Ay, ; Az Ay;;

E{T,} = E{

The non-diagonal elements of the above matrix are always zero as we suppose the variables are independent. For

example:
E{Ax’ijAyij} = E{Axij}E{Ayij} =0
The diagonal elements can be computed readily:
—~2 9 9 a?
E{Amij} = E{z; — 2z,x; + afj} =5
Therefore,
2
o
E{T,} = Ffzm
Similarly,
T A A Ao An .
BTy} = B{8p,Bpy} = By | Q20T QTudda
yiijiT AyijAyiT
_ [ E{zjor —zizr — zjm + 22y E{zjyr — 2y — viyr + vy}
| Elyjer —yjri — yier Y yiwiy Blyjyr — yiyr — yivi + 7}
_ [ Bl 0
I U ¢
r e
- |z 9
R v

o

= —I
192 2X2

These results enable us to obtain the average value of the matrices R, (k), 7 = 1... M. Employing the linearity of the

expectation operator yields

R; = E{R, )}

(2
;252 L as2) g 2527
6 Y 6 Y0, 2x2 12 9¢;12x2

1.2
20,
2 2 2
262 Iy (%aﬁi + 2 4 %a%i) Inyo
1 « a? a?
(02 + —Jii + 603’3) Lopry o + ﬁgii (Lagxar; ® Taxa)
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And the covariance of GPS measurement noise is constant, so its expected value is:
5 ot ps 0
Ro=E{R,,(k)} = 0 @ o2 47)
GPS,

The average value of R, (k) is therefore

R = E{Ro(k}

Diag(R;) (48)

4.2 Evaluation of the Upper Bounds with Finite Target Noise Covariance

Lemmas 4.1 and 4.2 allow the evaluation of upper bounds on the worst case uncertainty and on the average uncertainty
of the position estimates of the robots and the target , at any time instant after the deployment of the robot team. This
can be achieved, for example, by numerical evaluation of the solution to the recursions in Egs. (29) and (30) respec-
tively. For many applications, it is of interest however, to study the steady-state behavior of the positioning uncertainty
in of CLATT. For this reason, we now derive the steady-state values of the solutions to the recursions (29) and (30).
By “steady-state values” we refer to the values of the covariance matrix after a sufficient time has elapsed, enough for
the the initial transient phenomena in the solutions to subside. The steady state solutions are derived by evaluating
the limit of P} and P;. as k — oco. We note at this point that the Riccati recursions of Eqgs. (29) and (30) essentially
describe the time evolution of the covariance of the position estimates in two hypothetical CLATT scenarios, where
the system model is a Linear Time Invariant (LTI) one. Therefore, the problem of computing the upper bounds on
the steady state positioning uncertainty in CLATT reduces to the problem of determining the steady state covariance
matrix for a LTI CLATT system model.

To avoid redundant derivations, in the following we will solve for the steady state solution of the following Riccati
recursion:

-1

b1 = PL-PiHT (HUPJHT +R.) HP;+Q, (49)

After deriving the steady state solution of this recursion, we employ the substitutions

RS - Ruv QS - QU

and ~ -
Rs‘)Rv QSHQ

in order to obtain the steady state solutions of the Riccati recursions of Lemmas (4.1) and (4.2) respectively.
We first note that the Riccati recursion in Eq. (49) can be reformulated as follows, by use of the matrix inversion
lemma (cf. Appendix C):

i = Pi—PyHY (H,P;HY +R,)” H,P;+ Q.
= P (Lxseon +HIRT'HPY) ' +Q, (50)
The derivations are simplified by defining the normalized covariance matrix as
P, = Q/'PiQ;'? (51)
Pre- and post-multiplying Eq. (50) by Qs_l/ % and simple algebraic manipulation yields
P, =Py, (Ionxon + C.P,,) " + Lnxan (52)

where
C, = QY/’H;R;'H,Q}/

Note that the only parameter in the Riccati recursion (52) is the matrix C,, which contains the main parameters that
characterize the localization performance of the robotic team. The eigenvalues of this matrix, which are studied in
Appendix D, are in close relation with the type and number of exteroceptive measurements recorded by the robots
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of the team, and determine the properties of the upper bound on the steady-state positioning uncertainty. To further
simplify the derivations, we denote the Singular Value Decomposition (SVD) of C, as

C, = U, diag(\;,)UT = U,AUT

and substituting in Eq. (52) we obtain®

P,. = P, (I+UAUTP,)  +I=
u’P,,. U, = UTP,UUT (I+UAUTP,) 'U,+1=
u’P,,, U, = UTP, U, (I+AUTP, U,) " +1
We define
P.., = U'p, U, (53)
and we obtain the recursion
Puniiv = P [+AP,,,, )  +1 (54)

This form of the recursion is simpler, since now the only parameter is the diagonal matrix of the eigenvalues of Cj.

4.2.1 Observable system

As one of the robots is equipped with GPS, the system is observable [16], and therefore the covariance of the robots and
target position estimation remains bounded at steady state. For this case, it is shown in Appendix D that rank(C;) =
2M + 2, and therefore all the singular values of C; are positive.

Since we are dealing with an observable system, the solution to Eq. (54) will converge to a constant value at steady
state, determined by solving the Discrete Algebraic Riccati Equation (DARE):

Pnnss = Pnnss (I + APnnSS)_l +1

Since the system is both controllable and observable, the solution of the above DARE is unique [17]. Therefore, we
can “guess” a solution, and if it satisfies the DARE, we can be assured that this is the only possible solution. We now
assume a diagonal form for P,,,_,. In that case, all the matrices in the above DARE are diagonal, and thus we obtain
the following set of 2M + 2 independent equations:

o P, (1,1) )
L (457) T AP () +1, + (55)

Whose solution is given by

1 1 1
Pon,, (3,3) = 5‘*‘ 1‘*‘;

By substitution of this result in Egs. (53) and (51), we obtain the steady state solution to the Riccati recursion (49):

1 1 1
P, = Qi/QUS diag (2 + \/:) UsTQi/z 56)

Finally, from this result, by setting
R, — Ry, Qs — Qu

and

we can derive the following lemmas:

2To make the notation less cumbersome, we hereafter omit the dimension index from the identity matrices, whenever their dimension is equal
to the dimension of the state covariance matrix. L.e., from this pointon, I = Ionx2N-
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Lemma 4.3 The steady state covariance of the position estimates for a team of robots performing CLATT, when at
least one robot has access to absolute positioning information is bounded above by the matrix

1 11
Py, = Qi/QUu diag | = + 4/~ + — Ungl/Q 57
2 4 Ay,
where we have denoted the singular value decomposition of C,, = Qu/"HIR;"H,Qy/* as C, = U, diag(\,,)UL.

Lemma 4.4 The expected steady state covariance of the position estimates for a team of robots performing CL, when
at least one robot has access to absolute positioning information is bounded above by the matrix

P A1/27 1 1 1\ o~ps

where we have denoted the singular value decomposition of C = Ql/QHZf{_lHle/2 as C = Udiag()\;)UT.

At this point we should note that the upper bounds on the steady-state uncertainty depend on the topology of the RPMG
and the accuracy of the proprioceptive and exteroceptive sensors of the robots. However, the steady-state uncertainty
is independent of the initial covariance of the robots, which comes as no surprise, since the system is observable.

4.3 Evaluation of the Upper Bounds with Infinite Target Noise Covariance

The zero velocity target model is the simplest target tracking model. Instead of using more complex target models,
the target noise can be increased so that higher order models are included in this simple model. In this section, we
consider CLATT when target noise approach infinity and we will find a performance bound for the robots and target
positions.

Starting from equation (50), the Riccati equation can be arranged as:

Pyy1 = P,—PH] (H,PH + Rs)_l H,P; + Qs
= P (Ianxan + HZRS_IHOPICY1 + Qs
= (P;'+HIR;'H,) ' +Q. (59)

where the superscript s on P is ignored for simplicity. The term ¥ = HZ R 'H,, is the new information added after
each measurement step and is constant as long as RPMG is not changed.
Considering

o 0
Q, = [QO Qtt] , Qi = plaxa (60)

where p1 — 00, Pjy is:
P, P P P T orey, el
rr rt . rr rt 11 12
= 1 + + s
[Ptr Ptt] (k+1) o ([Ptr Py + /~LI2><2:| (k) {‘1’21 ‘1’22]> Q.

Pl o Ty U]\
({ 0 0}4—[‘1’21 W +Qs

Pol+w, W,
— Tk
[ Wy W + Qs
@R - W) ) Y 1 +Q
il (‘1’22 - Wy (Prr,)t + ‘1’11)_1 ‘1’12> ’
(61)
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So the Riccati equation for the target and the robots can be separated. Given that matrix ¥ is constant, performance

of the target position estimation right after update is constant:

1 -1 -1
Py = (‘1’22 — Wy (Prr,) "+ ¥y1) ‘1’12)

(62)

Clearly this formula is not applicable after propagation and position covariance of the target will be infinite at that

time. The recursive formula for the performance bound of position estimation of the robots is:

Prrk_H = (P;rlk + ‘I’rr)_l + er
Prrk (IQNXQN + ‘IlrrPrrk)il + er

where
=Ty — U0 Uy
Eq. (63) is similar to Eq. (50) and it can be solved in the same way:
P, =Q.*P.,Q."?
Pre- and post-multiplying Eq. (63) by Q;l/ 2, and simple algebraic manipulation yields
P,... =Py (Ionxon + CoPo,) "+ Lnxan

where
C'rr = Qi7/~2 ‘I’rr Q71°7/~2

C,, = U,,diag(\;)UL = U, AUL

(63)

(64)

(65)

(66)

(67)

At this point it should be noted that all the eigenvalues of W, are positive because HZ R 'H,, is positive definite as

studied in Appendix D and by using the rule:
det A = det A11 det (A22 — A21AI11A12>
where

A Ap
A =
[Am A22}

Now, using similar mathematical manipulation to Egs. (50)-(56), the solution to this problem can be found as:

1 11
P, = Q/?U, diag (2 /7t A,) urQ,”
(2
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A Upper Bound Riccati Recursion

In this appendix we prove that if R/, = R/ (k) and Q,, = Q..(k) for all & > 0, then the solutions to the following two
Riccati recursions

Py = P, —PH) (H,PH + R,k + 1))‘1 H P + G,Q,(k+1)GT (69)
and
iy = Pp—PrHT (HPyHT +R,)  H,P}+G,Q,G! (70)

with the same initial condition, Py, satisfy P}! = Py, for all k > 0. The proof is carried out by induction, and requires
the following two intermediate results:

e Monotonicity with respect to the measurement covariance matrix
If R = Ry, then forany P > 0
P - PH" (HPH" + Rl)’1 HP +Q, = P—PH" (HPH" + Rg)’1 HP +Q, (71)

This statement is proven by taking into account the properties of linear matrix inequalities:

Ri = Re=
HPH” +R; = HPH" +R,=
(HPH +R,) < (HPH' +R,) =
PH” (HPH” +R,) HP =< PH’ (HPH' +R,)  HP =
~-PH” (HPH” +R,)  HP » —PH’ (HPH' +R,) HP =
P-PH" (HPH" + Rl)’1 HP+Q, = P-PH" (HPH" + Rg)’1 HP + Q,

o Monotonicity with respect to the state covariance matrix

The solution to the Riccati recursion at time &£ + 1 is monotonic with to the solution at time k, i.e., if Pg) and

P;f) are two different solutions to the same Riccati recursion at time k, with P,(Cl) b P,(f) then Pg_zl = P,(f_gl.
)

order to prove the result in the general case, in which P,(:) and P,(f are positive semidefinite, we use the following
expression that relates the one-step ahead solutions to two Riccati recursions with identical H, Q and R matrices, but
different initial values P,(;) and P,(f) ([17]). It is

In

PP~ P = B (PP -P) - (PP - P) BT (HPPHT + R)H (PP - P)) FT, (72)

where F}, ;. is a matrix whose exact structure is not important for the purposes of this proof. Since we have assumed
Pg) b P,(f) we can write P,(f) — P,(Cl) = 0. Additionally, the matrix

(P - (") HT (HPPHT + R) H (P - P{)

is positive semidefinite, and therefore we have

- (P -PY)H" (HPPHT + R)H (P -P[)) < 0=

(P -PY) - (PP -P)H" (HPPHT + R)H (PP -P)) = 0=

B (PP - P) = (PP - P HT (HPPHT + R)H (P - P[V)) FT, < 0=
Pffll - chlle =0
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The last line implies that P;(el+)1 > P,(izl, which is the desired result.

We can now employ induction to prove the main statement of this appendix. Assuming that at some time instant ¢,
P} > P;, we can write

Py, = PY-P/H (H,P/H’ +R,)  HP!+G,Q.G!
- P,—-PH] (H,P,H’ +R,)  H,P, +G,Q,G’
= P, P;HT (H,P;HT +R.,) H,P; + G,Q,(k+ )G
= P, - P;HT (H,PHT + R(k+1)  HLP; +GoQ,(k+1)GT =Py

where the monotonicity of the Riccati recursion with respect to the covariance matrix, the property Q, = Q,(k+ 1)
and the monotonicity of the Riccati recursion with respect to the measurement covariance matrix have been used in the
last three lines. Thus P} = P; = P}, | = P;;1. Fori = 0 the condition P} > P; holds with equality, and therefore
for any ¢ > 0, the solution to the Riccati recursion in Eq. (69) is an upper bound to the solution of the recursion in
Eq. (70).

B Riccati Recursion for the Upper Bound on the Average Covariance

In this appendix we prove that if R’ and Q,. are matrices such that R’ = E{R/ (k)} and Q, = {Q,(k)} for all k > 0,
then the solutions to the following two Riccati recursions

Py = P,—PH (HPH +R,(k+ 1))’1 H P, + G,Q.(k+1)G, (73)
and
P = P,—PHT (HPH! +R) H/P;+G,Q.GT (74)
with the same initial condition, P, satisfy P, - E{P}} for all k£ > 0. We first prove a useful intermediate result:
e Concavity of the Riccati recursion

We note that the Riccati recursion
Poyr = Po—PHT (HPHT + Ryyt)” HP, + GQuin G (75)

can equivalently be written as
_ by 0 I
ma=11 015 5 Lo
H

SR N R S R R KNI
+GQr41G

our goal is to show that the above expression is concave with respect to the matrix
Py 0
0 Ry

f(X) = AXB(CXC") " BTX A" (76)

A sufficient condition for this is that the function
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is convex with respect to the positive semidefinite matrix X, when A,B,C' are arbitrary matrices of compatible dimen-
sions. This is equivalent to proving the convexity of the function of the scalar variable ¢

fult) = A(X, +t20) B (C(X, +t2,)CT) "' BT (X, +2,) AT 77

with domain those values of ¢ for which X, +tZ, > 0, X, > 0 is convex [18]. f;(¢) is convex if and only if the scalar
function

F(#) = 2T A(X,y + tZo) B (C(Xo + tZ,)CT) ™ BT(X, + t2,)AT 2 (78)

is convex for any vector z of appropriate dimensions [18]. Moreover, it is well known that a function is convex if and
only if its epigraph is a convex set, and therefore we obtain the following convexity condition for f(X):

f(X) convex < {s,t|zTA(X, +tZ,)B (C(X, + tZO)CT)_l BT (X, +1Z,)AT2 < s} is convex
However, from the properties of Schur complements it is well known that if A, > 0 then

{AO B,

B C. ] ~0&C,—BIC;'B>-0

In our problem, the matrix C(X, +tZ,)C7 is clearly positive definite, and thus we can write

C(X,+tz,)CT BT(X,+tZ,)ATz

T T\~ 1 KT T
2T A(Xo+tZo)B (C(Xo +tZ,)CT) " BT (Xo+tZ,) ATz < 5 & { STACX, +12,)B 5 =

However, the defining matrix inequality of the epigraph is equivalent to

T RpTy AT T RT 7 AT
cX,C BXOAZ}+t|:CZOC BZOAZ]+S[

0
2TAX,B 0 2TAZ,B 0 1

0
-
0 1=
which defines a convex set in (s, t) [18].
Thus, by the preceding analysis f(X) is a convex function, and consequently Py ; is a concave function of the

matrix
Py 0
0 Rpy

We now employ this result to prove the main result of this appendix. The proof is carried out by induction. Assuming
that at time step k the inequality Py > E{Pj} holds, we will show that it also holds for the time step k + 1. We have

Piyy = P,—PHT (HPLHT + R (k+1)  H,P,+G,Qk+1)G! =
E{Py1} = E{Py—PH] (H,PH] +Ri(k+1)  HPy+G,Qek+ G}
= FE{P,-PH] (H,P,H + R, (k+ 1>)‘1 H P.} + G,E{Q(k+1)}GT
< E{Pi} — B{PJH] (H,E{PJH] + E{R,(:+1)}) H,E{P} + G,E{Q(k+ 1}G!

where in the last line the concavity of Jensen’s inequality was applied [18], in order to exploit tht concavity of the
Riccati. By assumption, P, = E{P\} and employing the property of the monotonicity of the Riccati with respect to
the covariance matrix (cf. Appendix A), we can write

E{Pyi1}

PN

P, — PHT (H,PHT + E{R,(k+1}) H,Pj + G,E{Q(k+1)}GT
= P,-PHT (HP,H” +R'})” H,P\ + G,Q,G”
= Pgr1

Thus, Py = E{P}} = Py1 = E{Py,1}. For k = 0 the condition P, = E{P}} holds with equality, and the proof
is complete.
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C Matrix Inversion Lemma

If Aisn xn, Bisn x m, C'ism x m and D is m x n then:

(A"'+BC™'D)"' = A—- AB(DAB+ C)"'DA (79)

D Rank and Nullspace of the Measurement Matrices

In this appendix we present some results concerning the rank of the measurement matrices in CL, as well as the rank
and eigenvectors of the matrix:
12T R -1 1/2
C, = Qs/ Ho Rs HOQS/

Where the matrices Qi/ % and R ; can be substituted for either by the upper bounds, or by the average values of the
corresponding covariance matrices.

We first note that,in the case in which the robots receive only relative position measurements, H, consists of block
rows of the form

[ O2x20 .. 7]2><2 .. .[2><2 .. 0242 ] = [ o . -1 . 1 .. 0 ] ®IQ><2

while if the some of the robots additionally receive absolute position measurements, H, also has some block rows of
the form

[ O2x2 . Toxz o Oax2 |=[0 .. 1 . 0]®Ine
We therefore conclude, that in any case, the matrix H, can be expressed as
H, = H® Irxo (80)
where H is an appropriate matrix, consisting of rows having one of the two following structures:
Hij:[() .o—1 1 . 0]

or
Hi=[0 . 1 . 0]

It becomes clear that the matrix I will be the measurement matrix associated with a 1D CL system model, in which
the robot team has the same RPMG as the team of robots performing localization in 2D (cf. Section ??).
Employing the properties of the Kronecker product, from Eq. (80) we conclude that

rank(H,) = rank(H) rank(I3x2) = 2 - rank(H) (81)

and therefore we can determine the rank of H,, by first studying the properties of the 1D-measurement matrix H. For
this reason, we start by presenting the results for the, simpler, one-dimensional CL case (cf. Section ??).

D.1 Cooperative Localization in 1D

For the one-dimensional case, when no absolute position measurements are available, the measurement matrix H is
defined by

H=| Hpy (82)
Hmn
where each row of H corresponds to one relative position measurement, or equivalently, to one edge of the RPMG.

Each of the rows contains a “-1”, at the column that corresponds to the robot 7 registering the relative position measure-
ment, and a “1” at the column that corresponds to the robot being observed. This matrix is identical to the incidence

TR-2005-004.r153 20



matrix defined for any directed graph. In [19] it is shown that the incidence matrix of a directed graph is of rank N — 1,
whenever the graph is connected, and therefore the rank of I is NV — 1, where we have imposed the constraint that the
measurement graph is connected”.

Having determined the rank of H, we are now able to study the rank and eigenvectors of the matrix

C = Ql/QHTRleQl/Q

where @ and R are diagonal and positive definite. In order to determine the rank of this matrix, we use the following
lemma from linear algebra [19]:

Lemma D.1 The rank of the product of two matrices A, B is given by
rank(AB) = rank(B) — dim (N(A) N R(B)) (83)

where dim X (Y denotes the dimension of the subspace formed by the intersection of the subspaces X andY, N(A)
is the nullspace of matrix A, and R(B) is the range of B.

Note that the matrix product HZ R™'H can be written as H' R~Y/2R~'V/2H = (R~Y?H)TR~Y2H. We now
apply the above lemma to the matrix product M = R~Y2H. Since R~'/? is an invertible matrix, its nullspace is
of dimension 0, and we have rank(M) = rank(R~Y/2H) = rank(H) = N — 1. Moreover, it is evident that the
nullspace of M will be the same with the nullspace of H. In order to find the rank of HT R~'H = M” M we employ
the above lemma once again:

rank(HT RV H) = rank(MT M) = rank(M) — dim (N(M) N R(M))

Since the nullspace and the range of any matrix are disjoint sets, rank(H? R~'H) = N — 1. By consecutive appli-
cation of the above lemma to the matrix products (H” R~ H)Q'/? and Q'/>(HT R~*HQ'/?) it is easy to show that
rank(C) = N — 1.

A direct consequence of this result is that C' has one eigenvalue equal to zero, and that its nullspace is of dimension
1. Note that since the sum of all elements of the rows of H is zero, we obtain

Hlynyx1 =O0nx1
hence the basis of the nullspace of H is the vector xxy = 1nxx1. As a result, we deduce that the basis vector for the

nullspace of C' is given by
1

Uy = ———Q /%1
ARNTaRYET PY A
since
_ 1 12 17T p—1 17 1/2—1/2 _ 1 1/2 1T p—1 _
OUN—mQ H R HQ Q 1Nx1—mQ H R (HlNXl)—Ole
Simpe calculations show that
1 1
Uy = _—Q_l/Qlel = 7Q_1/21N><1 = v/ Gtotal Q_1/21N><1
It} 1/21N><1H (ZN L)UQ
=1 g,
where
I 1
Gtotal i—1 qi

Finally, by applying simple vector-matrix multiplication, we obtain the following result, which is useful in the deriva-
tions in Section ??:
1/2 T ~1/2
QPUNURQY? = qrorarlnxn (84)
3This is not a restraining assumption. The case in which the RPMG is not connected is a degenerate one. In this case, the robots that are not

connected by an edge to any robot of the team, do not actually belong to the team, and therefore, we can study this case by a considering each
connected subgraph independently.
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If in addition to the relative position measurements, some of the robots receive absolute positioning information, then
the measurement matrix has a number of rows (at least one) of the form H;, = [0 .. 1 .. 0], with the “1”s being at
the columns corresponding to the robots receiving absolute positioning information. In this case C' can be written as

1 1
“- Q1/2 (HTR_lH + Z 0'124HEAH’€A> Q1/2 =0T Q1/2 Z CTTH/?AHICAQUQ =C+Ca (85)
k ko Ak

where the sum is over all robots receiving absolute position measurements, ajk are the variances of these measure-
ments, and C' is the matrix of the previous case, in which only relative position information were available.
We now prove that C is positive definite, by showing that 27 Cz = 0 < x = 0 . Assume that there exists a vector
x such that
2TCr=0=2TCx 4+ 27Cuz =0

Clearly, both terms in the last expression are always nonnegative, since the involved matrices are positive semidefinite.
Thus 27 Cx = 0 implies 27 Cx = 27 C 42 = 0. The term 27 Cx assumes the zero value only when 2 = aly, where
a € R and Uy is the basis vector of the nullspace of C'. But

1 1
a2U£ <Q1/2 Z OQHEAHkAQl/2> UN = azqtotal Z O'T

k A k Ay

and therefore this quantity is equal to zero only when a = 0. Thus 27 Cx = 0 = 2 = 0, which implies that when at
least one robot has access to absolute position information, C' is positive definite.

D.2 Cooperative Localization in 2D

We can now employ the results of the preceding 1D analysis to the 2D case. Using the result of Eq. (81), we im-
mediately see that when the robots of the a team performing CL in 2D only record relative position measurements,
then rank(H,) = 2N — 2, while if at least one of the robots has access to absolute position measurements, we have
rank(H,) = 2N.

Regarding the rank and eigenvectors of Cg, it is straightforward to see that

rank(H,) = 2N = rank(C;) = 2N

since in this case C; is the product of full-rank matrices. Similarly, we can use Lemma D.1 in the same way as in the
1D case, to show that rank(C,) = 2N — 2. As a result, the nullspace of Cj is of dimension 2, and is spanned by 2
orthogonal basis vectors. We can find two such vectors by observing that

C; (Q;1/21N><1 ® I2><2) = QY*H!R;'H,Q}? (Q;l/Zlel ® I2><2>

QY HTR;'H, (1xx1 ® Iax2)
= QI?HIR;' (H ® Inx2) (1nx1 © Taxa)

But employing the properties of the Kronecker product yields
(H @ Izx2) (Inx1 ® Iax2) = (H1nx1) @ Iax2 = Oanx2

and therefore
C, (Qs_l/Q]-NXl ® IQ><2> = 02y x2

The columns of the matrix Q;l/Qlel ® Iz are

1
0

c1 = QS_]‘/Q g“)

TR-2005-004.r153 22



and

c1 = Qs_l/Q 0

which are orthogonal (this is easily verified by computing the dot product c¢{ c;). Therefore, a basis for the nullspace

of Cj is given by the vectors

1
0
Upy 1 = — = VG Q2| 1
lleal] 0
and
0
1
c _
Uay = 120 = V3, Q12 | Y
ezl 1
E Matrix Monotonicity of My
In this appendix we show that the matrix
M = VIX(Lnxon +h(CHX)'V

is matrix increasing in the argument X, i.e.,
X =X=M =M

We note that if X is invertible (which is the case of interest), then

M = V(X '4h(Cy)) 'V

And from the last relation it follows that
X/
x/-1
X'~! + h(Cy)
(X~ +h(C,)
VT (X' 4 h(C,)) Y
M

X =
X !'=
X'+ n(Cy) =

I TA 1Y

Y

Y 1Y

M

TR-2005-004.r153

(X' n(C,) =
VT (X' 4+ 1(Cy) V=

(86)

87)

(88)

(89)

(90)
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