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Abstract—This paper focuses on reducing the computational
complexity of the extended Kalman filter (EKF)-based multi-
robot cooperative localization (CL) by taking advantage ofthe
sparse structure of the measurement Jacobian matrixH. In
contrast to the standard EKF update, whose time complexity
is up to O(N*) (N is the number of robots in a team), we
introduce a Modified Householder QR algorithm which fully
exploits the sparse structure of the matrixH, and prove that the
overall time complexity of the EKF update, based on our QR
factorization scheme, reduces tc(9(N3). Additionally, the space
complexity of the proposed Modified Householder QR algoritim
is O(N?). Finally, we validate the Modified Householder QR
algorithm through extensive simulations and experiments,and
demonstrate its superior performance both in accuracy and n
CPU runtime, as compared to the current state-of-the-art QR
decomposition algorithm.

I. INTRODUCTION

Multi-robot teams (sensor networks) have recently atbect X i )
Ifththe following: We show that the time complexity of state and

h covariance updates can be reducedX@V?) by employing

significant interest in the research community becauseed
robustness, versatility, speed, and potential applinatisuc

Emafkezhouystergiog @cs.umn.edu

However, since CL involves joint-state estimation, the-pro
cessing of exteroceptive measurements (i.e., relativet+ab
robot measurements) requires the robots to communicalte wit
each other and update the covariance matrix corresponding
to all pose estimates in a centralized fashion. Using the
extended Kalman filter (EKF) framework, the time complexity
for processing each exteroceptive measureme@(i5?) (N
being the number of robots) [7]. Since the maximum possible
number of exteroceptive measurement$Ns— 1)N at every
time step, the overall time complexity for updating the estat
and covariance, in the worst case, becor@é/*) per time
step. AsN grows, this high (time) complexity may prohibit
real-time performance.

In this paper, we investigate the computational complexity
(i.e.,time complexity andspacecomplexity) of the centralized
EKF-based CL algorithm, considering the most challenging
situation where the total number of relative measuremests p
time step i N —1)N. The main contributions of this work are

as environmental monitoring [1], surveillance [2], humant-he Information filter (see Section 11I-C). To further impm

robot interaction [3], defense applications [4], as weltaget
tracking [5], [6].

Regardless of the applications, every robot in the team m
be able to accurately localize itself in an unknown enviro
ment to ensure successful execution of its tasks. While e
robot can independently estimate its own pose (position a

orientation) by integrating its linear and rotational \@t®s,

e.g., from wheel encoder [7], the uncertainty of the rob
pose estimates generated using this technique (deadriagho
increases fast, and eventually renders these estimatkessise
Although one can overcome this limitation by equipping gvverC
robot with absolute positioning sensors such as the Glo%
Positioning System (GPS), GPS signals are unreliable iarurb

environments and unavailable in space and underwater.
the other hand, by performing cooperative localization )(CLW
where communicating robots use relative measurements (da}g
tance, bearing, and orientation) jmntly estimate the robots’ 0
poses, it has been shown that the accuracy and perform
of the robot pose estimates can significantly improve [8&nev

in the absence of GPS.

As shown in [7], in CL, each robot can process its own

proprioceptive measurements independently and disividyt
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a

the numerical stability of the Information filter, we presam
EKF update scheme based on the QR factorization (also called

%It? decomposition) of the measurement Jacobifn(see

>ection 111-D). While the Standard Householder QR alganith

it decomposing (or factorizingfl, we develop the Modified
ouseholder QR algorithm (see Section V), which exploits

gé%s time complexityO(N*) and space complexity)(N?)

6|{Ie sparse structure dfl and reduces the time complexity

and space complexity of QR decomposition @ N?) and
O(N?), respectively. As a result, the overall computational
omplexity of the EKF-based CL is reduced by an order of
gnitude (fromO(N*) to O(N?) for time complexity and
N3) to O(N?) for space complexity) per update step.
Ifollowing a brief review of related work in Section II,
e present the formulation of the EKF-based CL, as well
an EKF update scheme based on the QR factorization
H in Section Ill. In Section 1V, we briefly describe the
9& decomposition based on the Standard Householder QR

o]

algorithm, and show its time complexity and space compfexit
of factorizingH areO(N*) andO(N?), respectively. We then
develop the Modified Householder QR algorithm in Section V,
which exploits the sparse structure Bf and achieves QR
decomposition with time complexit?(N?3) and space com-
plexity O(N?). Simulation and real-world experimental results
are presented in Sections VI and VII, respectively, folldwe
by the conclusions and future directions in Section VIII.



Il. LITERATURE REVIEW The main drawback of the previous gradient-based iterative

Multi-robot cooperative localization (CL) has receivecheo 2/90rithms (see [13], [16], [17]) is that the total number of
siderable attention in the literature (e.g., [9], [10], J1L2]). iterations required for convergence has not been ad.dr,eased
Various system architectures, such as centralized [7]] [14€!l @ no guarantees of convergence to global optimum, due
or distributed [14], [15], [16], have been proposed for cto the existence of multiple local minima of the resultingino
These system architectures use various estimation digesjt CONVex optimization problem arising from CL. Furthermore,
such as the EKF [7], the maximum likelihood estimatoin® above batch-mode estimators can be implemented only
(MLE) [13], the maximum a posteriori estimator (MAP) [16]’When all data become available, and are unable to provide on-
and particle filters [10]. In this paper, we focus our disass line estimations when new data arrives. This motivates us to
on centralized or distributed approaches that fuse datatzhb consider EKF-based estimators in CL.
mode (i.e., MLE or MAP, see Section II-A) or sequentiall .

(i.e., EKF, see Section II-B). The latter case is the mainuéoc%' EKF-based E.st|.mator o

of our work. In what follows, we denote & the total number  In [7], Roumeliotis and Bekey showed that within the EKF
of time steps addressed in batch mode,the number of framework, each robot can independently propagate its own
robots in the team, and consider the worst-case compudatioptate and covariance in a fully distributed fashion. Howgve

complexity where the total number of relative measuremerftyfing the update stage, the observing robot needs to basadc
per time step iN — 1)N. its relative measurements to the rest of the robots in tha tea

and update the covariance matrix corresponding to all pose
. estimates in a centralized fashion. In this approach, the ti
A. MLE or MAP-based Estimator complexity for processing each exteroceptive measurement
Howard et al. [13] presented a centralized MLE-basegs O(N?). Therefore, in the worst case, the overall time
algorithm to address the CL problem. The solution of theomplexity for sequentially updating state and covariance
underlying non-convex optimization problem, formulatedd bbecomes?(N*) per time step. To reduce the cost of EKF-
maximizing the conditional probability density functiopdf), based CL, severalpproximatealgorithms have been proposed.
is computed iteratively by the conjugate gradient (CG) algo Panzieriet al.[18] presented a fully decentralized algorithm
rithm with time complexity per CG iteration aP(K N?). based on the Interlaced EKF [19], where each robot only
Contrary to [13], where all measurements are transmittglocesses relative measurements taken by itself to uptate i
and processed at a fusion center, the authors [15] propogeth pose estimate, while treating the other robots’ poses as
to solve the MLE in a distributed fashion. The original nondeterministic parameters. The time complexity per robat an
convex optimization problem is decomposed im0 sub- per time step isO(N) (hence the overall time complexity
problems, one for each robot. In particular, titie robot (i.e., per time step isO(N?)) when relative measurements are
robot<) minimizes only a part of the cost function that involveprocessed sequentially. Similar to [18], Karash al. [20]
terms corresponding to its own proprioceptive measuresnergroposed a distributed EKF-based method for CL. However,
as well as the relative measurements between rbaott other contrary to [18], here the robots are restricted to exchange
robots. The optimization process in this case approximatéeir state estimates with others within communicatiorgean
other robots’ poses as constants. However, there exists Tiee time complexity per robot and per time step(d$N?2),
proof that the proposed approach guarantees convergenceetulting in the overall time complexit(N?) per time step.
even one of the local minima. Additionally, the computatibn  Martinelli [21] developed a distributed approach for CLttha
complexity of the algorithm is not addressed in the paper. uses hierarchical EKF filters to estimate the robots’ pokes.
Similar to [13], Dellaertet al. [17] addressed MAP-basedthis case/NV robots in a team are divided intb groups, each
centralized CL by incorporating prior information abouethconsisting of M robots (V = LM). Every group contains
initial poses of robots. Contrary to [13], the resulting nona group leader who processes all the relative measurements
convex optimization problem is solved iteratively by théetween any two robots in that group and only updates the
Levenberg-Marquardt (LM) algorithm. The solution of thepose estimates of the robots belonging to its group. A team
system of linear equations at each iteration of the LM methdehder is in charge of processing all observations betwagn a
is determined through a sparse QR solver. Although sortveo robots from different groups and only updates the pose
insights were provided in the selection of initial estinsate estimates of the, leaders. The time complexity per time step
the algorithm does not guarantee convergence to the glofml each group leader and the team leader @(@/*) and
optimum. Furthermore, the paper does not provide infornati O(N (N — M)L?), respectively.
about the worst-case time complexity of the sparse QR solverThe main drawback of the above approximate algorithms
Recently, Nerurkaet al. [16] introduced a fully distributed (see [18], [20], [21]) is that in order to reduce the computa-
CG algorithm to address the MAP-based CL. Similar to [17{ional complexity of EKF-based CL, these approaches ignore
the resulting non-convex optimization problem is solved itross-correlations amongst robots, which often leads ¢slpv
eratively using the LM algorithm. In contrast to [13], theoptimistic and inconsistent estimates. In this paper, vesgmt
incremental solution at each iteration of the LM methodn algorithm that reduces the time complexity of EKF-based
is distributively computed by the CG algorithm. The timeCL to O(N?), without introducing any approximations, but,
complexity per robot and per iteration of the LM method itnstead, by taking advantage of the specific sparse steiofur
of O((KN)?). the measurement Jacobian matrix.



I1l. PROBLEM FORMULATION measuring roboj- (1 < i # j < N) are given by

Consider. agroup QN mobile robots p.erforming CLin2-D ZZ’j _ h?éj (xL, X;g) + n?j : )
by processing relativdistance and bearingneasurements. In o o
this paper, we study the case gibbal localization, i.e., the whereh;” (xi,x3) = [’ 6,7]T, with
pose (position and orientation) of each robot is describigld w J — o i
respect to a fixed (global) frame of reference. W= llpr - pk”? T

The pose of theith robot (or robot;) at time-stepk is 099 — arct v — Y, i
denoted asj, = [(p})" ¢ ", wherepj, = [z} y;]" and; ko o —a,) o
represent the position and orientation of robatt time-step

% with respect to the global frame of reference, respective§enoting the true distance and bearing from _rqbolt_)ierving

The state vector for the robot team at time-skejs defined '0bots at time-stepk, respectively.n;” = [ny, ni5]" is
asx; = [(x))T (x2)T ... (x))T]T € R3N. We assume that Z€r0-mean white Gaussian measurement noise with covarianc
each robot is equipped with proprioceptive sensors (elieelv Cx’- Without loss of generality, we assun&;’ = I, (1 <
encoders), which measure its linear and rotational vetsgias ¢ 7 J < V) throughout the rest of paper.

well as exteroceptive sensors (e.g., laser scanners)hwtaic ~ The measurement-error equation fgy’, obtained by lin-
detect, identify, and measure the relative distance andrigea €2rizing (2) around the current best state estintate_;, is

to other robots. ~ij i\j (i o
z;c\Jk—l =z’ — h;cj(x}%c\k—l’xlljg‘k—l) 3
. ~ W i i, %J i _ prid % i,j
A. State Propagation ~ W K1 X Xy g = HY Xy
The discrete-time state propagation equation for rabotwhere
from time-stepk — 1 to k is T (ﬁi‘kq—f’mf])T 0
xi =f_(x,_,,ul_,, Wi ,1=1,...,N, b —w_,hi = 8% -1 Pl ll
o= f1 (%1 -k—l k—l) | V7 = V,ihy Bl P ) I e (4)
where the control inputi,_, = [vi_, wi ,]T, consisting of I AT JAPNERY [
the linear velocity measuremen}_, and rotational velocity [ (BBl )"
measurementv; , recorded by the proprioceptive sensors, i i 167 =D .l 0
. . . S Y7 =V_ihY = ] ! 1Ai ! 1TT (5)
is corrupted by zero-mean, white Gaussian process noise ~ * X3,k (B 1 Phjr—1) I 0
Wit = [Wj_q, wj,_, ] with covarianceCy, . _ L 11871 —Phpes 113
In this work, we employ the extended Kalman filter (EKF) 0 —1
for recursively estimating the robot's posé, i = 1,...,N. are of dimensiong x 3, andJ = [1 0 ] Furthermore, note
Thus the estimate of robats pose is propagated . o . .
P propag by that the measurement Jacobian mafx’ (of dimensions

Xyt = Fo (K15 04-1,0) , i =1,..., N, 2 x 3N) has a sparse structure (without loss of generality, we

, , , assumei < j):
wherex,); is the state estimate at time-stépafter measure- <J)

ments up to time-step have been processed. HY = [0036-1 T} Onaioicy X3 Osan_j) -

The covariance matrix corresponding to the state estimate o
%4 x_1 iS propagated as In fact, there are at most 9 nonzero element$TifyY (5 from

U7 and 4 fromY}?).

Pii1 =P 1Pr 1 1P+ Gi1Cu Gy, (1) In this paper, we consider the worst-case scenario where the
where ®;_; = diag(®. ,,....®Y ) with & , = sensing range of the exteroceptlve Sensors is sufﬂmmﬂgel
e ST 1 N ; so that each robot can detect, identify, and measure thg/eela
Ve fi_,, and Gy = diag(G,_,,...,G,_;) with ; ) o
G fot V.. £ i_1 N The overall process noisedlstance and bearing to the remainifhg— 1 robots at every
k=17 Ywp_  Tk—1> 7 Do fte P time step. Thus, the total number of relative measurements

i i 1 N . ; )
covarianceCy = diag(Cs,;,. .., Cy)- per time step i N — 1)N, which corresponds to the most
Note that due to the block diagonal structuresiof 1 and  chajienging case in terms of computational complexity. For

Gy.—1, the overall computational complexity (both time anghe general case when the number of measurements is less

space complexity) of implementing (1) 8(N?) [7]. than(N —1)N due to the limited sensing range of each robot,
our proposed method (see Section V) can be readily applied
B. Measurement Model without modifications.

At time-step k, the relative distance and bearing obser- The measurement-error equation for the robot team, ob-
vations recorded by the exteroceptive sensors from robdined by stacking all the measurement residuglg

[see (3)] into a column vector, is
1in the remainder of the paper, the “hat” symbolis used to denote the

estimated value of a quantity, while the “til'de" syrr_ltfols L_Jsed to sig_nify the Zk|k_1 ~ Hkik\k—l +ny ,

error between the actual value of a quantity and its estinTate relationship

between a variable and its estimatet, is £ = = — . Additionally, 0 5 _ 51,2 T 50 T 5N, N—1\T1T
T=x—T Y: Imxn where zy,_, = [(zk‘kil) ...(zk‘kil) ...(zk“gi1 )]

andlI,, represent then xn zero matrix anch x n identity matrix, respectively. . h idual £ di .
1,, denotes thex dimensional (column) vector with all elements being 1, andS the measurement residual error vector o imension

e, is the unit (column) vector with a 1 in thith coordinate and 0's elsewhere. 2(N — 1)N, andny = [(n, )T ... (np?)T ... (ny N HT]T



is zero-mean, white Gaussian measurement noise with eovariUnfortunately, the time complexity and space complexity
anceC, = Iyny_1)n- _ of the state and covariance updates using (7)-(8)(& %)
Tlhg overall . Mmeasurement Jacobian matrBl, = and O(N*), respectively, due to the inversion and storage
[(F )T ()T (H2" ) T]T, whose dimensions areof 5 densematrix S; whose dimensions arg(N — 1)N x
2(N —1)N x 3N, has the following sparse structure: 2(N — 1)N. Therefore, the real-time implementation of (7)-
(8) becomes prohibitive as the number of robots increases.

R 7 T ]
> et It is possible to avoid the inversion and storage Sf
by processing N — 1)N measurementsequentially In this
1:N N case, since the time complexity for processing every xeati
‘I’va ) TI;V’ . measurement,” is O(N?) [7], the total time complexity per
Ty p2F 2 Ty time step become®(N*). In addition, space complexity can
,r.’;g \Il.’gg be reduced t@(N?) [7]. However, due to the nonlinearity of
Hi = k k - (6) the measurement model [see (2)], the robot pose estimates
: obtained by sequential updates are less accurate than the
oo v estimates obtained by concurrent updates using (7)-(8).
T, v, Another alternative approach for updating the state and
: : : covariance is to employ the Information filter [22, Chapter
gV LN pNoLN 5, Section 5.6] (forC,, = Iy(nv_1)n):
L D SR TR . . 1
Remark 1:We highlight two important properties df. Piik = (P’“V“—l +Hy H’“) ’ ©)

Firstly, due to its sparse structure [see (6)], each roviHef Xi|k = Xplk—1 t Pk|kH;£Zk|k—1 . (20)

has at most 5 nonzero elements [see (4)-(5)]. Per columrg the . : — T~
exist at mosti(N — 1) non-zeros, e.g., the nonzero eIement@ is worth noting that computing, Hy and Py, Hy, 2.,

: . . 9
of the first column ofH,, originate from the first columns of ;eil:'srssstt:j;'ﬁrgocr)rnipu'[(astg)eni Stzﬁzi;%NH;’nggetgg tn:]gst
the matrices?,” andY}"', j = 2,..., N, where each column P k PP ' ’

of ¥,/ (or YJ") has at most 2 nonzero elements [see (4. omputationally demanding operation of (9_)1_(1(1&2%0;11158

(5)]. Thereforennz(Hy) ~ O(N?), wherennz(H) denotes MVersions of wo matrices (b, andPy,

whose dimensions are linear iV. Thus, the total time
the number of nonzero elements B, and the storage of complexity of the state and covariance updates using @)-(1
H;. can be efficiently achieved using(N?) memory cells. pexity P g

. 3 o . '
Secondly, since all the exteroceptive measurementektve is O(N"), a significant comple>.<|ty reduction as pompareq 0

4 . the standard EKF updates using (7)-(8). Additionally, sinc
observations between each pair of robots, abdolutepose both P and H, occupyO(N?) memory cells (because
measurements (such as GPS) are unavaildflg,is rank klk=1 y Py y

~Y 2 -
deficiency In particular, we have the following proposition. of nnz(Hy,) ~ O(N™) and we only need to store non-zeros of

” ) N . H},), the space complexity of updating the state and covariance
(C;Lo;])rc]))art;onnkl. rank (Hy) < 3N — 2, hence Hy, is not full using (9)-(10) is reduced fro(N4) to O(N?).

. _ - Unfortunately, (9) often suffers from numerical instatyili
Proof: To showrank(Hk) < 3]1\2 2, we first construct due tor(HHy) = #2(Hy) (s(H) is the condition number of
a3N x 2 matrix E = 1y ® 010’ where @ denotes H), which renders the state and covariance updates using (9)-
the Kronecker tensor product.” Next, for every sub-matrkd0) numerically less robust [23].

H;7, 1 <i#j <N, itis straightforward to verify that

- _ad T o _ai T . . .
_ Prypoa 7Phiea) Py ~Phin—1) D. State and Covariance Updates throu@fR Factorization
Hii=— ”Pi\kq‘?l\kqh + ”Pi\kq‘?l\kqh -0 . . . -
k= _(ﬁi‘k,l—fn}c‘k,l)TJT (B Phpr—) I An effective strategy to overcome the numerical instapilit

18711 —Phy—1 113 1551 —Phx_1 13 of the Information filter [see (9)-(10)] is to applhin QR

Hence HE =0y y_ 1)y x». Sincerank () =2, we conclude factorization withcolumn pivotingon Hy, [23], i.e.,

rank (Hy) < 3N — 2, and thusH,, is not full rank. [ ] H, = QHkRHkHEI,C , (11)

C. State and Covariance Updates whereQpg, is a2(N — 1)N x 3N matrix with orthonormal
) > , . columns (i.e.,QakQHk = Isn), and Ry, is an upper

Once all the relative measurememﬁg, 1 S,’ 7 S,N’ triangular matrix with the absolute value of its diagonal
become available, the state estimate and its covariance g ants arranged in decreasing order. Furtherribfe, is a

updated as (column) permutation matrix generated from column pivptin
Kifk = Xpjho1 + KiZgje_1, @) techniques, satisfyindls, Ty, = lfIEkHHk.:. Isn. Note
P =P — K.S, KT ®) tha_t in order to ensure orthogonality QH,?, it is necessary
Kl = S klk—1 = BAOR R to invoke column pivoting orH;, [24, Section 5.4.1], due to
where K;, = Pk‘k_lﬂgsgl is the Kalman gain,S, = the fact thatH, is rank deficient (see Proposition 1).
HkPk‘k,lH;erCn is the measurement residual covariance. Substituting (11) into (9), we obtain the EKF update equa-



tions based on QR factorization Householder QR, has time complexit§9(N*) and space
-1 complexity O(N3). For clarity, the time-step index is
Prr = (P;ﬁg,l +HHkREkRHkHEk) (12) dropped from (11) throughout the rest of the paper, with
= Pijs —Pk|k—1HHkRﬁkEglRHkHEkPk\k—l . mm = 2(N —1)N andnyg = 3N denoting the number of
A A T rows and columns oH, respectively.
Xk = Xpjk—1 + PrppHg Zrjp—1 (13)
whereX; = Ry, Iy, Prj—1 M, Ry, + Isn, and the last A. Hou_sehc_)lder Reflection _
equality in (12) is established by the matrix inversion lemm We first introduce anorthogonal and symmetricHouse-
Note that in contrast t8;, [see (8)], whose dimensions areholder (reflection) matribxQ = I—gvv™, wheres = 2/|v|}3,
2(N—1)N x2(N—1)N, the matrixZ, in (12) has dimensions and thenon_zerovector.v.is called a Householder vector.
only 3N x 3N. Thus, assuming bofRy, andIly, are given, Any matrix H, multiplied by Q, can be computed as
the total time complexity and space complexity of the stat a . Tyyr T_\T
covariance updates using (12)-(13) a¢N?) and O(N?), QH = (I fvv)H = H - v(FH V) . (14)
respectively, the same order of computational complexity & is worth emphasizing that Householder updates [see (14)]
of using (9)-(10). More importantly:(Ry, ) = «(Hy) [24]. “never entail the explicit formation of the Householder mat
Hence the numerical stability of (12)-(13) is improved af). Instead, an Householder update involves a matrix-vector
compared to (9)-(10). multiplication ¢ = SH™v and an outer product updakd —
Therefore, in order to ensure that the time complexity¢™” to reduce computational complexity [24, Section 5.1.4].
and space complexity for the state and covariance updatedlow suppose for a given matriéd, our objective is to seek
through QR factorization [see (12)-(13)] remah(N?) and a Householder matri€ (or corresponding Householder vector
O(N?), we conclude that the maximum number of arithmetie), such that the first column dH has zeros below its first
operations and memory usage to implement (11) should d@mponent. In other words, letting denote the first column
O(N?) and O(N?), respectively. of H, we select a vectoy and a scalary, such that
In what follows, we focus on thélouseholder QRalgo- T
rithm, one of the most widely adopted numerical techniques Qu=u-—f(viuv=re . (15)
for QR factorization [24, Section 5.2.1]. We analyze th&he solution of (15) is provided by [24, Section 5.1.2]
computational complexity of QR decomposition Hf,, using ] ) _1
the Householder QR algorithm (see Section IV), and developa” = —sign(u1)[[ullz , 8= ([ull3+fusllull2) , (16)
modified version of Householder QR that exploits the sparsit v =u + sign(uy)||ull2e1 , a7
of H; and reduces the overall computational complexity

i . b\)@hereul is the first element ofi. For notational convenience,
an order of magnitude (see Section V).

we useu_; to denote the vector obtained by removing the first
element ofu, i.e.,u = [u; u™,]".
IV.  STANDARD HOUSEHOLDERQR Remark 2:A key observation of (17) is that the vectors
As mentioned in Section IlI-D, a numerically robust anéndu differ only by their first elementso{ = u; —r). In other
efficient QR decomposition algorithm with time complexityords,v_; = u_;. This property plays a pivotal role in the
and space complexity at mo€2(N?3) and O(N?), respec- development of the Modified Householder QR in Section V.
tively, is a prerequisite for successfully implementing #tate
and covariance updates through (12)-(13). Several methd&isDescription of the Standard Householder QR
exist for performing QR factorization, such as the Cholesky In the previous section (see Section IV-A), we provide a
decomposition (CHO), the modified Gram-Schmidt procesimmework to generate a Householder matixsuch that the
(MGS), the Givens rotations (GIV), or the Householder tranproductQH eliminates all except the first element of the first
formations (also called Householder reflections) [24, Secelumn of H. The Standard Householder QR algorithm (with
tion 5.2]. Due to its simplicity and numerical stability, wecolumn pivoting) [24, Algorithm 5.4.1] extends the above
adopt the column pivoted QR factorization algorithm uiiz ~ strategy by applyinga sequence ofHouseholder matrices
Householder transformations, which is termed as Standgmlultiplying H from left by Q), as well asa sequence of
Householder QR in this pap#in what follows, we present a column permutation matrices (multiplyingl from right by
brief overview of Householder reflections (see Section )V-AII), to gradually transfornH into an upper triangular form
as well as the essence of the Standard Householder ®Ig, whose diagonal elements;, i = 1,...,nu, satisfying
algorithm (see Section IV-B). Additionally, the computatal |r; ;| > |r; ;| for 1 <i < j < ng.
complexity analysis conducted in Sections IV-C reveald tha More specifically, suppose that aftef — 1) Householder
the QR decomposition oH;, when applying the Standardmatrices{Q; = L,,,; — Ziviv},i = 1,...,¢ — 1} have left-
e tucted iional o Veis wianlen multiplied H, as well as(¢ — 1) column permutation matrices
e e o oty o oendpan e (L~ 1.~ 1) have right-mulipliedt, the restiing
time complexity and space complexity of CHO af(N3) and O(N2), Matrix H takes the following block form
resp_ectively,_due_to thej spe%rse structure ch Howe_zv_er, CHO is not (6-1) (6-1)
applicable since it require¥1,; H; to be positive definite. On the other (1) _ . Hl,l HL2
hand, both MGS and GIV requir@(N*) arithmetic operations an@®(N3) H =Qer - QuHIL- - Il = [ 0 H(fl)] , (18)
memory cells (see Appendix B). 2,2



WhereHﬁl) is anupper triangularmatrix of dimensiong/—

In summary, we have briefly described column pivoting

1) x (é—i) with the absolute value of its diagonal elementand Householder update at tli#h iteration of the Standard

arranged in decreasing order.

At the (th iteration, the Standard Householder QR algavhen c*

rithm firstly performs column pivoting (i.e., right-multigng

H(D with II,), followed by an Householder update by leftalgorithm terminates wher*

multiplying H¢DII, with Q.

Householder QR algorithm. The overall algorithm termisate
< ¢ wheree is a small positive scalar chosen
to take into account of machine roundoff errors (ideally the
= 0). Denoting the overall
number of iterations as, the outputRy is selected as the

Specifically, for column plvotlng we compute the squarefirst ng rows of H®) (Note that the explicit expression of each
norm of every column oH},", denoted as, ..., ¢,y,, and individual Q¢, £ = 1,....1, as well asQu = Q1 ---Q, is
seek(* = argmax;{cj, j = {,...,nu} andc* = ¢,~. Note notcomputed, since the covariance update [see (@ not
thatcy, ..., ¢,y Can be updated recurswely by a formula (se@volveQg. In addition, weneverentail the explicit formation
Algorithm 1, Line 11) discovered by Businger and Golub [25pf IT,, ¢ = 1,...,l, as well asIIy = II; - --II;. Instead,
which significantly reduces the computational complex@g,[ IIx is represented and updated byparmutation vector
Section 5.4.1]. The permutation matrBl, is generated by [m1 ... Tnyl, i.e., Iy = e, ... e, ] For completeness,
exchanging canonical vectoss ande,- in I,,,,. Furthermore, the flow chart of the Standard Householder QR is summarized
H(DII, is equivalent to performing column permutations byn Algorithm 1.
swapping the/th column and’*th column of H(*1), Without
loss of generality, in what follows, we assufike = 1,,,,. Algorithm 1 Standard Householder QR

For Householder update, we se@Qk = I,,,,, — ﬁeww such  Require: H® =
that thefirst ¢ columnsof H*) = (ImH Bevevi )JHE VI, Ensure: Ry and Iy of dimensionsug x ng.
are upper triangular Since H(e is upper triangular, the 1: for i = 1 to ny, do
Householder matrixQ, only needs to zero all but thést 2. Initialize 7; = 4, and compute;, the squared norm of

H of dimensionsnyg x ng (mg > ny).

component ofu, whereu is the first columrof Hé‘f;l), while the ith column ong_); = HO),
leaving the previoug—1 columns ofH(“"V) intact[24, Section  3: end for '
5.2.1]. This is achieved by selecting = [01, (1) v*]*, with  4: Set/ =1, determine/* = argmax;{c;, j = ¢,...,nu}
. 172 andc* =cy-.
v =utsign(u)(c?) e, (19) 5. while ¢* > ¢ do
wherec* = |[u]2 and B = (¢* + |ur|(¢*)/2)~. Note that 6  Swap the‘th and¢*th columns of“~ 1), exchange,

c¢* = ¢y~ is available after the column plvotlng stage and needs

and ¢+, and then interchange, with .
Calculategy, v from u (u is the first column oH(Z 1))

not to be recomputed throughf = uTu. 7

Now let us examine the structure 8f(Y) = Q,H“V1I,,

after the/th iteration of the Standard Householder QR. For8:

) as follows:
(1)

clarity, we partition the matriceHﬁ 2
H(f 1) _
ﬁ“ Y consists of its remaining columns; S|m|IarH(é -

=T
==(-1 u1 s (1)
|:U. Hé72 ):| = |:u ) H(g_l):|, Whel’eH2 2

andH2 2

but the first column 011{2’321), the row vector sT represents

the first row ofH2 2 , andH (€ 1)

(¢

is obtained by removing”

from H, , Y Using this notatlon, we establish Proposition 2-

Proposition 2: H®) has the following block structure

(£) (£)
HO — Q.- -QHII; - lHl 1 Hy 2] 7 (20)

0 H(f)

(£1)
whereng)1 = [Hlol t} is anupper triangularmatrix of
: Ty
T
dimensiong x ¢, andH{") = {(ﬁgé;”)T s} , with
ry = —sign(ul)(c*)1/2 , (21)
s=8—v0, (22)
HY) =H{," —u_6" . (23)
whered = Bg(Hél21))
Proof: The proof is shown in Appendix C. [ |

=t HY;)] wheret is the first column oH1 5 ,and

consists of all

using (19), and-, from ¢* using (21).

Computed ands = [s; ... s.,-¢|" [see (22)].

9:  Update the sub—matrili-Iéf)2 [see (23)].

10. for j=/¢+1to ng, do

11: Modify ¢; < ¢; — 554.

12:  end for

13:  Seek(* = argmax;{c;, j=0+1,...,

ce+, and ther? < ¢+ 1.

14: end while

15: return g =Je,, ... e,,nH], andRy selected as the first
nu rows of H® | [ being the total number of iterations.

nu} andc¢* =

C. Complexity Analysis of the Standard Householder QR

We now analyze the computational complexity of factor-
izing H using the Standard Householder QR algorithm. The
main result is that the time complexity and space complexity
when employing the Standard Householder QR algorithm, are
O(N*) and O(N?), respectively. As explained later on, this
high computational cost is due to the fact that the sparse-str
ture of H is destroyed by the Householder transformations.

To proceed, we notice that the computational complexity of
the Standard Householder QR algorithm is contributed from
two sources, (1) column pivoting in association wiiy and
(2) Householder update in association wid, ¢ = 1,. .., ngy.
Specifically, we decompose Algorithm 1 into two categories,



where Lines 1-4, 6, 10-13 corresponds to column pivoting, From Proposition 3, the overall time complexity associated
while Householder update consists of Lines 7-9. We examingth Householder update is in the order@”lf;‘l (nA—0)Tp—1.
the overhead associated with each individual source sighara In what follows, we firstly seek the expressionsmf , ¢ =
Thus, the total complexity of the algorithm dominatedby 1,...,na, to determine the time complexity associated with
the higher overhead from these two sources. Householder update (see Section IV-C1), followed by exam-

By exploiting the sparse structure 8, we can show the ining the space complexity in Section IV-C2.
time complexity and space complexity associated with colum 1) Time Complexityin this section, we focus on analyzing
pivoting in the Standard Householder QR aféN?) and the number of arithmetic operations for Householder update
O(N), respectively. More details are provided in Appendix Dper iteration (see Algorithm 1, Lines 7-9). Additionallyew

Remark 3:As will become clear in following sections, theexamine the evolution of the sparsity patternAof
computational overhead associated with column pivotingtis Initially, A® = A has a sparse structure [see (24)]. More
least one order of magnitude less than that of Householdgpecifically,eachcolumn of A hasry = 7 = N —1 non-zeros,
update. Furthermore, in practice, column pivoting can tednnz(A) = (N — 1)N.
efficiently implemented using pointers, without physigall e At the 1st iteration
swapping data in memory. In what follows, without 0SS Sinceu, the first column OngO% :A(O),satisfiemnz(u) =
of generality, we assumé&l, = I,,,¢ = 1,...,l, hence 7, = N — 1, based on Proposition 3, the time complexity of
My =1, and[m ... T,] =[1 ... nu|. Householder update at tHst iteration isO((N — 1)?).

In what follows, we address the computational complexity Now let us examine the structure &, after the 1st
associated with Householder update in the Standard Housguseholder matrixQ; (generated by the Householder vector
holder QR (see Lines 7-9 in Algorithm 1). For the purpose af) has been applied tA(”). Due to the nonzero elements of
presentation, we introduce a matixof dimensionsna xna, u (i.e., ¢"7,j = 2,...,N), the first N — 1 elements of all
with ma = (N—1)N/2 = mu/4 andny = N = nu/3 except for the first column aA*) become nonzero [see (25)].
[see (24)]. SpecificallyA is constructed by firstly removing Therefore the Householder updatees not preservthe orig-
from H the measurement Jacobian matricH$Z for all inal sparsity ofA”), and the resulting matriA") = Q; A
1 < j <4 < N, which correspond to all even block rowshas the following dense structdre
of H in (6). Secondly, every pair of matricaB*’ and Y*’ -

(i < j) of dimensions2 x 3 in H [see (6)] are replaced by x % ™ § g
nonzero scalarg)’’/, v*7 in A [see (24)]. Since botimy and x o
m are quadratic inV, as well asig andn both linear invV, : : : . :
and most importantly, each matri&®7, Y%7 has dimensions %4 N K o x
independenbdf the size of robot teaniv, the computational P23 23
complexity of decomposing in (24) is in thesame ordetas AN = P24 v24 - (25)
of decomposindd in (6). Thus, for simplicity, we present the .
computational complexity analysis of factorizidg ¢;’N SN
'1/]1,2 pl2 R
1/]1’3 U1’3 N—-1,N N :1 N
. i YN=LN ) N-1N |
wl"N ' oL N Furthermore, in contrast t&V — 1 nonzero elements per
P23 23 column of A and nnz(A®)) = (N — 1)N, we observe
A= 24 24 . (24) that all but the first column oA has7 = 7+ N —
2 = Zle(N — 1) nonzero elements [see (25)], as well as
- : nnz(AD) = (N —1)7 +1=(N-1)37 (N —i) + 1.
P> v e At the 2nd iteration
: At the 2nd iteration, the vecton (the first column ongg
YN-LN  N-LN hasnnz(u) = = 7 — 1 = Zle(]\f — i) — 1. From

. . , B Proposition 3, the time complexity of Householder update at
To facilitate the discussion afterwards, the followingpoe - o1 iteration ISO((N — 2)[3°2 (N —4) — 1)).

sition proves to be useful, which shows the time complexity

of Householder update (see Algorithm 1, Lines 7-9) at t After the 2nd Ho
¢th iteration isproportionalto the number of non-zeros af
representing the first column digti;l), and isindependenof
the structure ofA (‘=Y.

Proposition 3: Letu represents the first column Afy;l)
and supposennz(u) = 7,_1, then the time complex7ity of
implementing Lines 7-9 in Algorithm 1 at théh iteration
of the Standard Householder QRG(na — £)7¢-1). SWe use “x ” to denote a nonzero element, wherea&* highlights a

Proof: The proof is provided in Appendix E. B nonzero filling.

useholder matrixQ, has been applied,
Nfie resulting matrixA® = Q,A() has a dense structure
shown in (26). Similarly,Q, further destroysthe sparse
pattern ofA) by introducing extra nonzero elements through
¥>Ii 5 = 3,...,N, to the corresponding rows of the sub-
matrix [(Af%)T (AS%)T]T, which represents the lasf — 2
columns ofA") [see (18)]. Thus, all but the first two columns



of A® has7, = 7+ N—3 = Z?Zl(N—i) nonzero elements, Householder QR algorithm but explicitly exploits the sgars
andnnz(A®?) = (N —=2)7 + 7 i= (N —2)>% (N — structure ofH, to achieve QR decomposition (N?) time
i)+ Zle i. complexity andO(N?) space complexity. In the next section,

we describe the main idea behind the Modified Householder

oxox X X QR algorithm, as well as its complexity analysis.
X X X X
: : V. MODIFIED HOUSEHOLDERQR ALGORITHM
X X X The Modified Householder QR is derived from [26], where
X & & Kaufman proposed an idea that exploits the sparsity of the
A? = X X X . (26) original matrix. However, in [26], Kaufman assumes that the
: : . : Householder reflection matrices (or equivalently, the Hoeus
N X « holder vectors) are known in advance, which is not the case
3 A in our scenario. We make several modifications to the origina
) algorithm proposed in [26], and term this new algorithm as
: Modified Householder QR. In what follows, we provide a de-
L PN =B NN | tailed description of the Modified Householder QR algorithm

e At the /th iteration in Section V-A, and analyze its computational complexity

Similar to the above analysis, we can draw conclusions ¥§hen applied taH [see (6)] in Section V-B to conclude that
induction. More specifically, aftef — 1 Householder updates the overall ime complexity is reduced fro@(N'*) to O(N?),
have been applied ta(?), every;jth column § = ¢,..., N) of and the space complexity from(N?) to O(N?).

Ag“j;l) hast_1 = 7_1—0+1= Zle(]\f—z')—lé—i—l nonzero
elements, resulting in the time complexity of Household&k. Description and Derivation of Modified Household@R
update at theth iteration ofO((N —£)[-;_; (N —i)—£+1]). | this section, we present a general description of the Mod-

Furthermore, compared t#(“"", extra non-zeros are in%ro- ified Householder QR and focus on key ideas and derivations
duced to those rows of the sub-matf(x&§‘f51))T (Aglsl))T] to develop the algorithm. For the purpose of generality, we d
(corresponding to the lagt — ¢ columns of AV [see (18)]) notconsider the specific structure H. Instead, the sparsity of
whose indices match the linear indices of the non-zer®k [see (6)] will be exploited in Section V-B when we analyze

h9.j = £ + 1,...,N. Hence, the number of nonzerothe computational complexity.
elements foreach of the last N — ¢ columns of A/ is  To facilitate the description and derivation of the Modi-
=71+ N—f—1=3""1(N—4), andnnz(A¥)) = fied Householder QR algorithm, we adopt the same notation
(N=Om+3 i= (N0 (N =)+ used in Section IV-B. Furthermore, we ube andh'” i =

e Summary of time complexity 1,...,nyg, to denote theith columns of the original matrix

In summary, we conclude that the overall time complexitfl and the updated matrild(©) after the(th iteration of the
of QR decomposition ofA using the Standard HouseholdeHouseholder QR is processed, respectively, wit andnyg

QR algorithm is in the order of representing the number of rows and columndbf
N ’ As mentioned in Section IV-B, théth iteration of the
Z {(N _ g)(Z(N )y 1)] ~ O(NY) . Householder QR is decomposed into two separated stages, col
— = umn pivoting and Householder update. The Modified House-

holder QR algorithm performs column pivotingentically

to that of the Standard Householder QR, with difference in
thee implementation of Householder update. Similar to the
8lscussion in Section IV-B, due to the minimum computationa

overhead associated with column pivoting (see Remark 3), in
the following description of the Modified Householder QR,

2) Space ComplexityTo analyze space complexity, we
focus on the storage oA“),E = 1,...,N, which is the
most dominant source in terms of memory cell usage. Sin
nnz(AY) = (N — ) (N — i) + 320, 4, we conclude
that the space complexity of QR decomposition/fusing
the Standard Householder QR algorithm is in the order of

we assumell, = 1,,,,¢/ = 1,...,ng, and focus on the
(E) ot R 5 modifications of the implementation of Householder update.
Jmax nnz(A™) = (N —{) Z(N - ZH‘ZZ] ~ O(N?) . From (18), we have (under the assumptida=1,,,,, V¢)

=1 1=1

3) Summary of_QompIexity Analysim summary, we have NGO (ﬁ (ImH B BiViV;F))hj =0 (27)
shown that factorizingd by employing the Standard House- '
holder QR has time complexit§(N*) and space complexity
O(N3). Therefore, we conclude that the overall time comHenceh!™ (j = ¢,....ny) is a linear combination oh;
plexity and space complexity for the state and covarianee igd the Householder vectofs;,i = 1,...,¢/—1}. Addition-
dates through standard Householder QR factorization beco@lly, & crucial property of the Householder transformatisee
O(N*) andO(N?), an order of magnitude increase than th&Remark 2) is(v;)_; = (hz('z_l))—i,i =1,...,£—1, where
of using (9)-(10). This motivates us to develop the Modifietv) ; denotes the vector obtained by removing the first
Householder QR algorithm, which is based on the Standardmponents ofv. Accordingly, (vi)_¢) = (hgz—”)_@_l)

i=1



for 1 < i < ¢—1. Hence (h( ) ey G = L,....,nu) To proceed, we first note that the vecioe= (h( _1)) (1)
can be expressed as a linear combination(lef) 1 and je., the first column ofH(ez1 , plays an important role in

{(hgl_l)) = 1), t=1,...,¢—1}. Furthermore, notice that ev-generating the Householder vector and the subsequentgstoce
ery vectorh!™ " i = 2,... (-1, itself is a linear combination Hence, weexplicitly computeu using (29),
of h; and the Householder vectofs,,n=1,...,i—1}, and . .

) (n—1) Ofsn:n b u=(h")_ e = (he) ey +H ¢y A @3
recalling (v;,) 1) = (hy’™ /)@y for 1 <n < z—l hence
M gy (= 2,...,0-1) can be expressed as a IrneaWhefeH ey = [(h1) ¢ ... (hea)_eq] consists of the
combination of(h,)_ and{( ) ey =1, first /—1 columns ofH_ ;). Note that weexplicitly compute

. _ (nED) (1)

1}. In addition,h!” = h; by deflnltron (thus,(h{° )),(H) = onl}/ the vector = (hy ) (1 t)he first column offL{’,",
(hy)_ (). Therefore, we conclude bigcursionthat each vec- While the remaining columngh!™)_ ) j = (+1,..., nm,
tor (hgl’l)),(z,l) j=40,... nu,canbe expressed adipear are not explicitly computed. Instead, they are represented

N —(£-1)
combinationof (h;)_ ¢y and{( ) _@usi=1,...,0—1};  implicitly by T
Once theexplicit form of u, computed by (31), is known,

-1 . . o
(£-1) . (6-1) and ¢* is retrieved from column pivoting, the Householder

(b ) e = (By) ) — Z(h -y vy . (28) vectorv, (or equivalentlyv), as well as3, andr,, are readily

=t available through (19) and (21). Notice that computinfjom

where the coefr|c|ents(é Dej=1,... 06— 1,j=4¢,...,ng, uonlyrequiresupdating the first elementwfsee Remark 2].

need to be sought at gach iteration. In what follows we will Now we are reaédy to present the recursive formulas for
provide a formula [see (39)] that updateg 1 recursively. computrnng i H§ % andT'¢*
1) ComputrngH1 1 Notice that the termd; ;"' as well
ast are already available after thé — 1)th |terat|on of the
" Householder QR. Hence the only unknownHi, [see (20)]
is the scalar,, which can be calculated frorf andwu; in a
(1) fixed number of arithmetic operat|ons [see (21)].
H272 = H_(g_l) ). (1)
I 2) Computing H; 51 Since H, , * is known after the
whereH_ ;) = [(hy)_¢ ) - . (hpyy)— ) is the sub-matrix (¢ — 1)th iteration of the Householder QR, updatiﬁjg is
of H resulting by removing |ts first — 1 rows. The( — 1) x equivalent to calculating the vectefrom (22), which requires
(ngg —£+1) matrix T = ['y(’“; Y] is termed the coefficient s andd = 3, (H2 9 )) v. Remember that we do not have the
matrix. In order to facilitate the presentation of the engui g
et (Epl) by (i ? explrcrt forms ofs andH, , However using the fact that
derivations,I" is written as[~y, ' '], wherew,
is the first column of" (¢,

In contrast to the original vectdi;)_¢),j = ¢,...,nH,

(é’ 1)
Notice that the matr|xH (e 1) [see (18)] comprises all the

column vectors(hj ))_(4_1),] =/,...,ng. Hence, (28) ca

be summarized into a compact matrix form
TED }

nyg—4+1 ’

(29)

T corresponds to the first row (IEQ_’2 and based on (29),

L ==(e1 _
we can rewnteHé 9 ) ands as follows

which has at mosU(N)_ non-zero elements (see Remarl_< 1), Héégl) ~H2 e+ H! e T 1) (32)
by following the analysis conducted ok in Section IV-C, it 1)\ T
can be shown that the vectQh (=1 e1d =L, nm, s=ps+ (T ) p1; (33)

obtained after the(/ — 1)th iteration of the Householder whereH? 2= = () - (hnH)f(lfl)] comprises the

(1) ~
QR is processed, h?an((h )—) O(E]\; ) last ng — ¢ columns of H_ ), and p{ and p; are the
which results inO(N*) time complexity andO(N*) space first rows of H and H2 respectively. From (32), we
complexity when employing the Standard Householder Q mpute the veétgr —Ey

algorithm (see Section IV-C). In order to preserve the oagi

sparsity ofH, and at the same time reduce the memory usage, d = ﬂg(H (&= 1)) v =205+ (T(H))Tal , (34)

our modification to the Standard Householder QR is that the T

explicit formof H(Z 2 [see (29)] (or equivalently, the explicit whered, = £ (Hl,(H)) v andd,; = Be(HQ,.(H)) V. _

form of the vectors(hj ‘1))_(13_1),1' — ¢,...,nu [see (28)]) Substltutlng (33) and (34) in (22), we(grrrve at the follogrin

is not calculated Instead,Hé‘Sl) is stored and representedljpdalte equation fas (or equivalently.H, ,):

implicitly by the coefficient matrixT' () [see (29)]. s=[py — v162] + (T(H))T[pl — s (35)
Next, we address two key issues in the Modified House- ). O o

holder QR. Firstly, computing the matricHifl, (f) in (20); 3) Computingl''”): To determind™'*), we begin with (30)

Secondly, deriving the recursive rule for obtamﬂi‘éf from and (23) Recall that we do not have theplicit expressron

-1 (1)
(1), Equivalently, we seek the expressiondf) such that ©f HY, 2 Y. However, sinceH{’ 2 ! corresponds td, 2 with
the first row removed, we obtain [from (32)],

a g, [T (30) (1) FED
227 L ] H;, =H?,+H!, : (36)
whereH_; = [(h1)—¢ ... (h,y)_(] is the sub-matrix ol where H*, = [(hy)_, ... (hey)—¢] and H?, =

resulting after removing its first rows. [(he)—e oo (hyy)—].



Next we explore the property_; = u_; [see Remark 2]. B. Computational Complexity Analysis

In particular, based on (31), we have In Section V-A, we provide a general description of the

voi=u_1=(h)_¢+ Hl_ﬂgf*U _ (37) Modified Householder QR_aIgorithm whic_h applicableto

. ) ) decompose arbitrary matrix. In this section, we apply the
Finally, we SUbSt't1Ute (36), (37)2, and (34) into (23), anfyjodified Householder QR to perform QR factorization Hn
notice thatH , = [H~, (h,), HZ ], to arrive at [see (6)], and analyze the overall computational compyet

0 _ gyl (D () sTy T 9 taking into account the sparse structurebbf
H,,=H.,(T Yo 07) ~ ()" +HZ, Since the Modified Householder QR only differs from the
T(H) _724‘1)5T Standard Householder QR algorithm in the implementation
=H_, _&T . (38) of Householder update, while column pivoting is performed

identically by both algorithms, we conclude that the com-

) ] . ) putational overhead associated with column pivoting in the
Comparing (38) and (30), we immediately obtain the expregodified Householder QR has the time complexity@fN?)

InH—Z

sion of thel x (ny — ¢) matrix I“): and the space complexity @(N). Therefore, in what fol-
TED _ e 5T lows, we analyze the computational complexity associated
r® = e (39) with Householder update in the Modified Householder QR,
—0 which corresponds to Lines 7-11 in Algorithm 2. We start

Note that the upper part &) is arank-one modification Py analyzing the time complexity, followed by the space
complexity.

1) Time Complexityin this section, we briefly analyze the
time complexity associated with Householder update when ap
plying the Modified Householder QR algorithm to decompose
#. We claim that the worst-case time complexity(g N3).

To prove it, we will identify the number of flops foevery
ine between Lines 7-11 in Algorithm 2, and show that the
total number of arithmetic operations required per iteratf
the Modified Householder QR is bounded above®yN?).

of the existing matrix T, which has a relatively low
time complexity. Furthermore, (39ffirmsthat every vector
(hlg.f)),g,j =/(+1,...,nu, is alinear combination ofh,)_,
and{(h;)_¢,i=1,...,(}.

In summary, we outline the algorithmic flow chart o
Modified Householder QR in Algorithm 2. Note that colum
pivoting implemented by the Modified Householder QR i

identical to that of the Standard Householder QR algorithm

Algorithm 2 Modified Householder QR Since the maximum _number pf iterat_ionsﬁsl = 3N, the
X o X X overall time complexity associated with Householder updat
Require: H(®) = H of dimensionsng x ng (myg > ng). is O(N?)

Ensure: Ry andIIyg of dimensionsnyg X ng.
1: for ¢ =1 to nyg, do
2: Initialize w; = ¢, and compute;, the squared norm of
the ith column ofHY’) = H(®). Additionally, initialize
r'© as an empty matrix.

e Computational cost of Line 7:

Recall thatnnz(h;) ~ O(N),j = 1,...,3N [see Re-
mark 1], hencennz((h;)_¢y)) ~ O(N),i = 1,...,£. Thus,
computingu from (31) requiresD(¢N) operations. Therefore,
the cost of performing Line 7 is bounded above ®yN?).

i gr;(tjéf(i 1. determinel* — e iy e Computational cost of Line 8:
' and C*_ c’ = argmax;{c;, j = {,...,nu} Onceu becomes available from Line 7, as well as =
=Cyp*.

uTu retrieved from column pivoting, determining the scalars
B¢ and r, invokes constant number of arithmetic operations.
Furthermore, updating from u only requires the modification
of the 1st element of1, which can be achieved if?(1) process
time. In summary, the cost of performing Line 8 is ©f1).

e Computational cost of Line 9:

Since each column <H17(H) andHﬁ(H) hasO(N) non-
zeros, which is attained by preserving the original sparse
structure ofH, computingd; and &, has a cost ofD(N?),
regardless of the structure ef Additionally, calculatingd
from 8, andd- has a cost of)(¢/N), since (34) involves an
(ng —¢) x (£ — 1) matrix multiplied by an(¢ — 1) x 1 vector

5: while ¢* > € do

6: Swap thefth and/*th columns ofH“~1 as well as
the 1st and(¢* — ¢+ 1)th columns off“~ 1), exchange
¢ andcy-, and then interchange, with 7.

7:  Calculateu from (31).

8: Computev, 3y, 7, and update the sub—matrblg‘j)l.

9: Determined, d2, andd using (34).

10. Calculates = [s; ... Sny_¢]T from (35) and update
the sub-matringg.

11:  UpdateI’® based on (39).

12: for j=/¢+1to ng, do

. T g2 o . .
13: I;l/l(:dﬁy €j =6~ Sj-e and a vector-vector addition of dimensiog — . In summary,
4 en O: ) y the cost of performing Line 9 is aP(N?).
15:  Seek’ d:harﬁema’?{cj’ j=L0+1,... ng}andc” = Computational cost of Line 10:

ce=, and thend < £+ 1. . . o .
16: end while Since (35) involves d¢ — 1) x 1 vector multiplying with

an (ng — ¢) x (¢ — 1) matrix and a vector-vector addition of

L7 return HH;{[S;UZ.B. .e”"lt{h]’ in:ﬂl{H SeLectec: f'jtls thtg first dimension(ng — ¥¢), the overall cost of performing Line 10
nu rows o . 1 being the total number of iterations. ;o' ,nded above bp(V?).

e Computational cost of Line 11:



TABLE |

In (39), the vecto® [see (34)] is available from Line 9 and CPURUNTIME (SEQ)
does not need to be recomputéténce, we only need to focus
on the upper part of (39), which isrank-one updatef the | N | SS-QR | MH-QR |
existing matrixf(g_l). Since the vectorS/(H) and ¢ are of 6 75378 x 10~° [ 4.9683 x 10~°
Vi . .
dimensions(¢ — 1) and (ng — ¢), respectively, we conclude 11 20238 x 10~ % | 21658 x 10~ %
that the overall cost of performing Line 11 is 6f¢N), which 16 || 63311 x 10 % | 6.4813 x 10" %
is bounded above b@(N?). 21 || 1.3985 x 103 | 1.4737 x 103
In summary, we have shown that the number of arithmetic 26 1 2.8506 x 10-3 | 2.8315 x 10-3
operations required per iteration of Householder updatben 51 28017 < 10-2 | 2.2363 x 102
Modi;i)ed rI]-|oufseholr(]jer QR algorithm is bo:mded fabovle by 76 11370 < 10-T | 75767 < 10-2
O(N*#). Therefore the worst-case time complexity of applying =T =T
the Modified Householder QR algorithm @i is O(N?). 121 31'235’855XX11()00 ég}ggi 18_1

2) Space Complexity:To address space complexity, we
focus on the memory requirement féf, u, and ') ¢ =
1,...,nyg, which are the most dominant sources in terms of
memory cell usage. Recall from Remarkiiz(H) ~ O(N?). . .
In addition, notice that the dimension afis at mostmgy ~ 351 || 3.6083 x 101 1.1572 x 101
O(N?). On the other hand, since the dimensiond6f are 401 || 5.7972 x 102 1.8523 x 101
0% (ng —0), thusmax{nnz(T'¥): ¢ = 1,... ,nu} ~ O(N?). 451 || 1.9673 x 10° | 2.7400 x 10
Therefore, we conclude that the space complexity of QR 501 1.5869 x 10° 3.8437 x 107

201 4.3048 x 109 1.5436 x 10°
251 9.9297 x 10° 3.5646 x 10Y
301 1.9804 x 10! 6.7462 x 10Y

decomposition ofH using the Modified Householder QR 551 N/A 5.3501 x 10°
algorithm is in the order of)(NN?). 601 N/A 7.0800 x 107

3) Summary of Complexity AnalysiBr summary, we have 651 N/A 9.3076 x 10*
shown that factorizingd by employing the Modified House- 701 N/A 1.1808 x 10?
holder QR algorithm has time complexity @?(N?) and 751 N/A 1.4926 x 10°
space complexity 0©(N?). Therefore, we conclude that the 801 N/A 1.8626 x 102
overall time complexity and space complexity for the state 851 N/A 2.2381 x 102
and covariance updates through the Modified Householder 901 N/A 2.6653 x 102
QR factorization ar&)(N?) and O(N?), respectively, which 951 N/A 3.1863 x 107
hasone order of magnitude decreadlean that of using the 1001 N/A 3.7570 x 102

Standard Householder QR. Additionally, it achieves theesam
computational complexity as of using (9)-(10).

Furthermore, we would like to point out that the Modi-
fied Householder QR algorithm is applicable to any spars@ve conducted 120 simulations. We count the CPU running
matrix H of sparsity pattern other than that of the medime for a complete QR decomposition [see (11)] when
surement Jacobian matrix [see (6)]. In particular, suppoegploying the Modified Householder QR algorithm (MH-QR).
that the dimensions oH are m x n (m > n), and denote The average running times are summarized in Table II, as well
7 = max(nnz(hy),...,nnz(h,)). Following the analysis as in Figure 1. Furthermore, we compared our results with
conducted in Sections V-B1 and V-B2, it can be shown th#ie CPU running time when employing SuiteSparseQR (SS-
the space complexity of the Modified Householder QR alg&R) [27], [28], the current state-of-the-art QR decomposit
rithm is of O(max{min{rn, m},n?}), and its associated time package for sparse matrices, which is an implementatiomeof t
complexity is of O(max{rn?,n}), in contrast tod(mn?) of multi-frontal sparseQR factorizationalgorithm. In addition,

the Standard Householder QR algorithm [24]. SuiteSparseQR has been integrated into MATIEAR/ersion
7.9 and later), and can be invoked through MATLAB built-in
VI. SIMULATION RESULTS function “qr” [29]. All simulations were run under MATLAB

In the previous section, we have shown that the worst-caéd 2 on a Linux (kernel 2.6.32) desktop computer with a 2.66
time complexity and space complexity of the Modified HousésHz Intel Core-i5 Quadcore CPU and 4 GB of RAM.
holder QR algorithm, when applied to the sparse measurementhe results presented in Table | and Figure 1 illustrate that
Jacobian matriH in CL [see (6)], is ofO(N?3) andO(N?), when the number of robots is smalV (< 26), both SS-QR and
respectively. In order to corroborate our theoretical wsia] MH-QR achieve indistinguishable performances, with SS-QR
we have evaluated the running time required by the Modifietightly faster as compared to MH-QR. However, &sin-
Householder QR algorithm for a team &f robots performing creases§¥ > 26), MH-QR significantly outperforms SS-QR.
CL. Specifically, we randomly generated the robots’ poseks aAdditionally, we were unable to perform QR decomposition
assumed that each robot is able to detect, identify, andumeasusing SS-QR wherV > 501, due to memory shortage. On
both relative distance and bearing to the remainiMg- 1 the other hand, MH-QR is applicable even when the number
robots. HenceH has dimension&(N — 1) N x 3N. of robots increases to 1001, and it successfully performs QR

We have examined the scalability of our algorithm byactorization onH, whose dimensions are 2 million by 3
varying N from 6 to 1001, and for every value a¥, we thousand, in about 375 seconds. Additionally, after penfog



TABLE I
[H'H - Ry Rul|

Monte—Carlo test: CPU runtime vs Number of robots
100 - B
—O6— SS-QR
- B - MH-QR

[ N ] SS-QR | MH-QR |

6 1.1529 x 10~ 12 [ 7.0749 x 10~ 13
11 || 7.1060 x 1072 | 3.1729 x 1012
16 || 2.0568 x 10T | 8.4163 x 10~ 2
21 |[ 1.0719 x 1071 | 4.0289 x 10~ 1T
26 || 1.7801 x 10~ 10 | 5.8771 x 10 1
51 1.3050 x 1072 | 2.9588 x 10~ 10
76 4.9221 x 1079 | 7.9515 x 10~ 10
101 || 1.9087 x 10~% | 2.6235 x 107
. ‘ ‘ ‘ 151 || 1.1631 x 107 | 1.2418 x 10°%

107

©

=
o

s
T

=
O\

CPU runtime (sec)

10° 10' 10’ 10° 201 || 6.1207 x 107 | 4.7511 x 10~ %
Number of robots (N)
251 8.0832 x 10~ | 6.0513 x 10~8
Fig. 1. [Monte Carlo simulations] Average CPU runtime of Q&cdmpo- 301 1.0625 x 10~° 4.2499 x 10°°
sition of H in 120 trials. Comparison between SuiteSparseQR (SS-Q&) an 351 3.7326 x 10~© 0.3947 x 108
Modified Householder QR (MH-QR). 201 0.3974 x 100 3.0049 x 10— 7
451 2.6734 x 10~—° 6.4118 x 10~
0 - Monte—-Carlo test: Frobenius norm oferrorys Number of robots 501 17036 X 10—5 37327 X 10—7
—6—SS-QR 551 N/A 5.2642 x 10~ 7
- B - MH-QR
. qﬁg@ 601 N/A 1.4607 x 10~°
T i 651 N/A 9.4386 x 107
g 701 N/A 2.4464 x 107°
s 10° 751 N/A 4.3013 x 1076
g 801 N/A 1.0321 x 107
§ 107} 851 N/A 2.9335 x 1076
£ 901 N/A 4.2254 x 1076
ol 951 N/A 4.8307 x 1070
1001 N/A 5.1291 x 1079

14 i i i
10 10 10° 10°
Number of robots (N)

10

MH-QR attains higher numerical accuracy than SS-QR, which

Fig. 2. [Monte Carlo simulations] Average Frobenius noribfH-RTR s attributed to column pivoting implemented in MH-QR.
in 120 trials. Comparison between SuiteSparseQR (SS-QR)Maodified
Householder QR (MH-QR).

VIl. EXPERIMENTAL RESULTS

We further validate the performance of our proposed Mod-

linear regression on thegarithmof the C.PU running time a_nd ified Householder QR algorithm through experiments. Our
the number of robotd/, we have determined that the Ioga”thn?axperimental setup is shown in Figure 3(a), where a team of

of the average time required by each of these algorithms 'Sour Pioneer I robots are deployed in a rectangular region

log(tss-oR) = 3.6067 x log(N) — 17.2798 of size approximately.5 m x 2.5 m. A calibrated overhead
log(twi-or) = 3.1802 x log(IV) — 16.1481 . (40) camerais employed to provide ground truth for evaluatirgg th
estimator’s performance. For this purpose, rectangulardso

Both Figure 1 and (40) confirm that the time complexity ofvith specific patterns (see Figure 3(a)) are mounted on top of
MH-QR is cubicin N. Finally, we should note that the mainthe Pioneers, and the pose (position and orientation) df eac
reason for the linear coefficient in (40) (i.8.1802) deviating robot, with respect to a global frame of reference, is comgut
from its ideal value3 is because ad’ increases, a significantfrom the captured images. These measurements are corrupted
portion of CPU resources is devoted to memory accessitgy, zero-mean noise with standard deviatior0@f087 rad for
reading, and writing. One of our future research directiisns orientation and).01 m along each axis for position. The real
to optimize the implementation of MH-QR and improve itsrajectories of four robots are shown in Figure 3(b). For the

performance in terms of CPU running time. sake of clarity, only partial trajectories, correspondtoghe
Furthermore, we have examined the accuracy of MH-QRrst 200 time steps, are plotted in Figure 3(b).
In particular, we computed the Frobenius normIif H — In the experiment, each robot moves at approximately

R% Ry, which is 0 in the ideal case. We have compared tlenstant speed & 1 m/sec, while avoiding collisions between
Frobenius norms of SS-QR and MH-QR, averaged over 12@ch other and the boundary of the rectangular arena. The
simulations for eactV. As evident from Table Il and Figure 2, robots record linear and acceleration velocities at a feaqy



Real trajectories of 4 robots

Robot 1
Robot 2
Robot 3
Robot 4

y (m)

(@ (b)

Fig. 3. [Experimental setup] (a) Four Pioneer robots perf@L in a rectangular region of size approximatelyy m x 2.5 m, each with a pattern board
attached on its top. (b) Real trajectories of four robotg. dfarity, only partial trajectories, corresponding to first 200 time steps, are plotted. The robots’
starting points are marked by

TABLE Il
of 1 Hz. These odometry measurements are corrupted by zero- RMS ERROR IN THE ROBOTS POSE ESTIMATES
mean process noise. Due to manufacture imperfections, the
accuracy of the odometry measurementsdsidenticalfor all | || Position Err. RMS (m)| Orient. Err. RMS (rad)|
four robots. In particular, the noise in the rotational oty R1 0.2085 0.0801
measurements follows Gaussian distribution with standardr2 0.2250 0.0775
deviation of 0.0239 rad/sec,0.095 rad/sec,0.0121 rad/sec, [R3 0.2255 0.0811
0.094 rad/sec for robotd, 2, 3,4 respectively. Similarly, the Rz 0.2224 0.0795

linear velocity measurement noise is well modeled as Ganssi

noise with standard deviation 6f0037 m/sec,0.0063 m/sec,

0.0027 m/sec,0.0035 m/sec for robotd, 2, 3, 4, respectively.

The experimental data from robots’ sensors is collected affientation. From these experimental results it is cleat th

processed off-line. the EKF based on the Modified Householder QR algorithm is
We consider the scenario where each robot can meas{ffaust and applicable to real systems.

both relative distance and bearing to the remaining three

robots, resulting in the measurement Jacobian mafiof VIIl. CONCLUSION

dimension24 x 12 at every time step. These relative observa- |n this paper, we have developed an efficient algorithm for
tions are generated synthetically by adding noise to ttativel QR decomposition of sparse matrices, namely the Modified
distance and bearing calculated from the robots’ pose attsn Householder QR The proposed a|gorithm has been success-
using the overhead camera. In our experiment, the standgifl; applied to 2-D multi-robot CL. In particular, we have
deviations of the relative distance and bearing measuremgRown that the overall computational complexity per EKF
noise are set tey = 0.05 m andoy = 0.035 rad, respectively. ypdate using QR factorization, when implemented using the
The duration of the experiment is 1000 sec (i.e., 1000 tim@odified Householder QR algorithm, is @(N?3) in time
steps). At every time step, the state estimate and its a&edci complexity andO(N?) in space complexity, i.e., at least one
covariance are updated based upon (12) and (13), with @Rier of magnitude reduction as compared to the standard
decomposition ofH [see (11)] implemented by using theEKF update process. Simulation results demonstrate that fo
Modified Householder QR algorithm. large number of robots, the Modified Householder QR algo-
Figures 4(a)—4(d) depict the time evolutions of the robotgithm attains higher accuracy and significantly outperferm
pose estimation errors and correspondiagbounds along:, SuiteSparseQR, the current state-of-the-art QR decomuosi
y, and¢-axis, respectively. As evident from Figures 4(a)—4(dalgorithm of sparse matrices, in terms of CPU runtime. Fur-
the EKF based on the Modified Householder QR algoriththermore, we performed experiments using a team of four
performs well in a real-world CL experiment. Furthermoremobile robots that demonstrate the applicability of the EKF
the EKF produces consistent pose estimates for all fourtspbaipdate using the Modified Householder QR to real systems.
i.e., the real robots’ poses is within the ®ound centered at  In our future work, we plan to extend our current approach
the robots’ estimated pose. and apply it to CL in 3-D. Finally, we intend to investigate
Finally, we plot the real and estimated trajectories of thdistributed and decentralized implementations of the Nledi
robots in Figures 5(a)-5(d), while Table 11l shows the ageh Householder QR algorithm to ensure that the overall com-
root-mean-square (RMS) errors of the robots’ position armmltational load is evenly shared among every robot in the
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Fig. 4. [Experimental results] Pose estimation errors amdesponding3o-bounds for (a) Robot 1, (b) Robot 2, (c) Robot 3, and (d) Rebot

team [16], as well as to account for limitations on the robotor calculating each term of (41) and (42) a¢¥N) and

communication bandwidth and range [14], [30]. O(1), respectively. Therefore the overall time complexity for
evaluatingH} Hy, is quadratic in\V.
APPENDIXA Similarly, it can be shown that calculatiri@)y,, H; zy_1

COMPUTATIONAL COMPLEXITY OF INFORMATION FILTER  has time complexityO(N2). To proceed, we first compute
We show that due to the sparse structurethf [see (6)], the3N dimensional vectoy = Hj; 2y, . Notice that thejth
computingH} H;, and 1;>k‘k}1;€fzk‘]€71 requiresO(N?) basic element ofy, 7, is theinner productof the vectorz,,_; and

steps. To proceed, let us first partitiBh, = [Hk1 HkN}, the jth column ofHy. Recall that each column @, has at
whereHy, is a2(N — 1)N x 3 sub-matrix consisting of the most4(N —1) nonzero elements (see Remark 1), therefore the
(3i — 2)th, (3i — 1)th, and 3ith columns ofH,, for i = processing requirement of computigg has time complexity

L,...,N. Following this partition, H{H, = [H{H,,] , OW). despite the2(N — 1)N dimensional Vectowy ;.
whereH;Cfinj (i,j=1,...,N) are3 x 3 block matrices. Thus, the time complexity of calculating is O(N*). Next,

Next we observe that the sparse structureEhf implies We computePy,y, a matrix (of dimension8N x 3N) and
that (for1 < i # j < N) vector (of dimensior8N) multiplication, with O(N?) basic
o B operations. Hence, the overall time complexity of computin

N ~ . . .
iG\T exisj i i P,..H} Z,_, is again quadratic inV.
H{HG = D ()" (rp) ) L (ay) RSB SORRE
T ,7:11_,;7? ij 30T gy dst APPENDIXB
Hi Hi, = (27) 707 + (07) 9" (42) COMPUTATIONAL COMPLEXITY OF ALTERNATIVE QR
Since the right-hand-side (RHS) of (41)-(42) involves rault DECOMPOSITIONALGORITHMS
plications and additions of matrice®{”’, Y}/, ¥/ Y7") of In this appendix, we analyze the computational complexity

constantdimension2 x 3 [see (4)-(5)], the time complexity of QR decomposition ofA [see (24)] by employing (1)
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Fig. 5. [Experimental results] Real and estimated trajgesoof (a) Robot 1, (b) Robot 2, (c) Robot 3, and (d) Robot 4emviemploying the EKF based
on the Modified Householder QR algorithm.

the Cholesky decomposition, (2) the modified Gram-Schmidt Although QR factorization ofA using Cholesky decomposi-
process, and (3) the Givens rotations [24, Section 5.2]il&im tion can achieve desired computational complexity, it as t

to the discussion in Section IV-C, we assuliie=1,,,/ = drawbacks. Firstly, the matrix produst’ A squares the condi-

1,...,na, for simplicity. Furthermore, we suppose the QRion numberofA, i.e.,x(ATA) = x2(A), which can introduce

decomposition ofA takes the formA = QaRA, WwhereQa numerical instability to Cholesky decomposition algamith

is orthonormal and A is upper triangular. Secondly, to use Cholesky decomposition, the matrix produc
AT A is requiredto bestrictly positive definiteUnfortunately,

A. Cholesky Decomposition [24, Section 4.2.3] in our casdH is rank-deficient, renderinBl T H positive semi-

definite Hence, Cholesky decompositionrist applicable for

. TA _
Since the columns a4 are orthonormal, we have” A = O(RR factorization ofH addressed in this paper.

R} RA. Therefore, we can apply a Cholesky decompositi
of ATA to compute the upper triangular matifk, . N _ )
Analogy to the analysis shown in Section I1I-C, the procedd Modified Gram-Schmidt [24, Section 5.2.8]
of evaluatingAT A is only quadratic inN due to the sparse  For clarity, we use\; andq; to denote theth columns of
structure ofA. In addition, since Cholesky decomposition of &\ and Qa, respectively. Furthermore, we usg; to denote
square matrix of dimension requiresO(n?) operations [24, the (i, j)th element ofRs. For the purpose of complexity
Section 4.2.3], we conclude that the time complexity of QBRnalysis, we outline the algorithmic flow chart of the Modifie
factorization of A using Cholesky decomposition ©(N?3) Gram-Schmidt process in Algorithm 3.
(note thatQ, is not computed when using Cholesky decom- From Algorithm 3, it is clear that the vectoq, is a
position). On the other hand, sinemz(A) ~ O(N?) and linear combination of\, and {q;,j = 1,...,¢ — 1}. Since
both matricesA™ A and R, are of dimensionsV x N, the every q;,j = 2,...,£ — 1, can be expressed as a linear
space complexity i€)(N?). combination ofA; and {q;,: = 1,...,j — 1}, andq; is a



Algorithm 3 Modified Gram-Schmidt [24, Algorithm 5.2.5] ;., - 0, by selectingg = arctan(—z2/z1), it is straightfor-

Require: A of dimensionsmna x na (ma > na). ward to verifyG¢x = [||x||2 0]* [24, Section 5.1.8]. In other
Ensure: Ra of dimensionsia X na. words, left-multiplyingx by G¢ eliminatesz,. The essence

1: for ¢ =1 to n, do of the Givens QR is to successively invoke Givens rotations t

2:  Setq = A transform a matrix into upper triangular form by eliminatin
32 forj=1to/¢—1,do non-zeros below its diagonal [24, Algorithm 5.2.2].

4 Computer; , = q;rq. The time complexity of the Givens QR process for decom-

5: Updateq <= q — rj,¢q;. posing an arbitrary matrid is in the order ofman?, where

6: end for ma andna are the number of rows and columns Af re-

7. Calculater,, = ||q]|2. spectively [24, Section 5.2.3]. F&x addressed here [see (24)],

8 if r,y =0, then substitutingma = (N — 1)N/2 andna = N results in

o: STOP. the time complexityO(N*). However, this does not take into
10. else account of the structure ok, and it is natural to conjecture
11: A =q/ree that the overall time complexity using the Givens QR can be
12:  end if reduced by exploiting the sparsity &. Unfortunately, this
13: end for conjecture is false. In what follows, we examine both time
14: return R complexity and space complexity of applying the Givens QR

algorithm to decomposA in (24). For clarity, we use\; ; to
denote thg(i, j)th element ofA. Furthermore, we partitio
scalar multiplication ofA;, we conclude by recursion thatby rows into A = [AT ... Ay_,]T, where the rows of the
the vectorq, is a linear combination of\;,j = 1,...,¢}. sub-matrixA; correspond to thé/;_,+1)th through/;th rows
Exploiting the structure ofA; (j = 1,...,), we have Of A, with Jo=0andJ; = Jiy + (N —i) =37 (N —j)
nnz(q) = Z§:1(N—j) for¢ =1,...,N.Hence, updating fori=1,...,N—1.To faplhtate the_ dlscus§|on, we prowde
at thejth iteration inside the inner “for-loop” (see Algorithm 3,the pseudo-code of the Givens QR in Algorithm 4. It is worth
Line 5), which is the most dominant computational procesgoting that each Givens rotation effects only two rows/of
requires approximately"?_, (N — i) steps. Therefore, the (s_ee Algorlthm 4, Lines 579)_, Whereas the processing cost of
overall time complexity of QR decomposition of using the Line 7 is constant (4 multiplications and 2 additions).
Modified Gram-Schmidt QR algorithm is in the order of

_ Algorithm 4 Givens QR [24, Algorithm 5.2.2]
i { -1 {XJ:(N B 2)}} ~ O(VY) Require: A of dimensionsma x na (ma > na).
. . ’ Ensure: R of dimensionsip x na.
=t =t et 1: for £ =1 to na, do

Furthermore, for space complexity, we focus on the storage.  Seti, = ¢, and seek all indice$iy, ..., i, ,} such that
of {q/, ¢ =1,...,na}, which is the most demanding source io<i1<-- <ip,<ma andX; ¢ #0,Yn=1,...,F .
in terms of memory usage. Sincmz(q,) = Zﬁzl(N -Jj) 3 forp=F,to1,do
we conclude that the space complexity is in the order of . Compute¢ = arctan (_ A}in,ez)' update);, ,, <

1
Ay . 3 (CHENVE D L LAY <o,
> [Z(N—J)] ~O(N?) . 5 for'j = ¢+ 1 to na, do
=1 ~j=1 6: if [/\in—lyj )\in,j]T }é 02«1, then

An alternative method to the Modified Gram-Schmidt QR7_ Niy_1,j Japer’ Aiy_1,j
algorithm is to apply the Classical Gram-Schmidt proceds [2 DY iy
Section 5.2.7]. However, the Classical Gram-Schmidt msce 8: end if
only differs from the Modified Gram-Schmidt in the formula ©: end for

of computingr; ., while the update ofj is exactly the same 10: end for

for both methods. Hence, we conclude that the computatiorfdt end for

complexity of QR decomposition oA\ using the Classical 12: return Rp, the firstna rows of A.

Gram-Schmidt is exactly the same as that of the Modified

Gram-Schmidt. Furthermore, the Classical Gram-Schmiidt su At the 1st iteration (i.e.,/ = 1), a sequence ofV — 2

fers from numerical instability in practice [24, Sectior2®B]. Givens rotations is applied ta\ (more specifically,A)
so that its first column has zeros below thHst com-

C. Givens QR [24, Section 5.2.3] ponent. In particular, thelst Givens rotationG?: with

= — Y elimi LN while introduc-
The Givens QR algorithm is one of the most widely adopte,%1 arctan LN eliminates ™, w o
g 2 nonzero fillings Ax_1,nv—1,Anv—2n tO Ay. Simi-

technique for implementing QR factorization [24, Sectiofl'd . _ i 4
5.2.3]. To understand the Givens QR algorithm, we firstlgﬁlr in_spirit, after the2nd Givens rotationG® [¢2 =

AN_21 :
. . . 5 — si arctan (— = ) , AN_2.1 vanishes and extra non-zeros
introduce Givens rotatiorG? = C95¢ sin ¢ , a 2-D PLN—2 ] , .
sing cos¢ AN_2 N—2, AN—3 N—1, AN_3,n are added ta\,. In particular,

rotational matrix. Given & x 1 vectorx = [z1 z2]T with Ax_3 v is introduced toA; due toAx_s n, which is gener-



ated previously byG?'. The above process is repeated untiiumber onf;llz‘ Givens rotations are applied to eliminate

all non-zeros below thést component in the first column ofthe non-zerogA;, ;¢ | i=1,...,0—1;j=1,...,¢—i}, with
A are eliminated, and the resulting matik, at the end of each Givens rotation process of cost proportionaVte ¢+ 1,
this process, takes the form because ofV — ¢ + 1 nonzero elements in every row where
T x N K 8 Mg i=1,...,0—=1;5=1,...,f—1,is located. Hence, the
total time complexny durlng théth iteration is in the order
X X X X
of (N — ¢+ 1) i+ Y, . After the elimination of
: Zz Linon-zeros Ay, e | i=1,...,0—1;5=1,...,0—i},
X the overaII number of non-zeros i is reduced tanz(A) =
A LS (N =) (N —i+1) = Y0 Y i+ (N == 1)(N —
A= P2 24 . (43) n_u =
: i In summary, the overall time complexity of QR decompo-
lbé"N ' V2N sition of A using the Givens QR is proportional to
. N -1 N—¢
: 1 4
e s S| -eenYis Y] ~ o).
L 4 =1 =1 1=2

In particular,A; is transformed into an upper triangular form, On the other hand, since the most dominant source in terms

while A;,j =2,..., N—1, remain intact. The overall numberof memory usage is the storage Af the space complexity of

of basic steps dunng thiest iteration is in the order OE ieo 4. QR decomposition of\ using the Givens QR algorithm is

Furthermore, from (43), the total number of non-zeros\gf 3

is YUY 4 andnnz((AT ... AL ]T) = (N-2)(N—1). max [nz(A)] ~ O(N?)

Hencennz(A) W=DN L (N —2)(N—1)— 1. ) . -2 —j
Similarly, at the2r?d iteration (i.e.,/ = 2), a sequence of Wj\r;eregnnz(AJ)V:5;1'7(]\[_2)(]\[_2—“) Z =1 2=t

N — 3 Givens rotations is firstly applied to transforAy, into (N—l=1N =) =L

upper triangular with upper bandwidih = 1. This process APPENDIXC

re%lrges the number of_ arithmetic operations pr20port|dnal PROOE OFPROPOSITION?

>i 5 i, and the resultingA hasnnz(A) = $ 37 (N _ ) ) )

(N —i+1)+ (N —3)(N —2) — 2. However, note that after Proof: The proof is stralght.forward. Firstly, by the def-

this process\;, +1,2 # 0. Therefore, an extra Givens rotationition of ve, we haveQ, = d.|ag(Ig_1,Q), where Q =

is required to eliminate\ s, +1 2, which effects the2nd and Ly —e41—Bevv?. Thus, assumingl, = I,,,;, we have

(J1+1)th row of A. Since the(J; 4 1)th row of A hasN —1 HD H(l 1)

nonzero elements, this extra Givens rotation process @wok H") = QH VT, = [ b }; e 1)]

O(N — 1) basic steps. Thus the total time compIeX|ty during 0 Q

the 2nd iteration is in the order of N — 1) + 3"V %. Hgﬁl) t ng“};l) 44
To seek the pattern of the Givens QR elimination process, as | o Qu QH 1) (44)

well as the evolution of the matrix, let us further examine the 2,2

3rd iteration (i.e./ = 3). Similarly, we firstly apply a sequenceSince v is chosen to zero all but the first componentuwof

of N — 4 Givens rotations so that the resulting; has upper [see (19)], we haveQu = r¢e; with the expression of,

bandwidthq = 2, and at the end of this processiz(A) = provided by (21). On the other hand [see (14)],

15 (N —i)(N—i+1) =1+ (N —4)(N —3) -3, where (g D e (1t \T

the subtraction of is due to the vanish of 5, ;1 2. After this Q =Hy, - V(BK(H2 2) ) (45)
process, we observe thaty, 113, s, 12,3, and Ay, 11,3 are T v sT 4,67
non-zeros, which requirez 4 1 = 3 extra Givens rotations {H( 1)] { ! ] = [ (¢-1) T] ;
to eliminate them, with every Givens rotation invoking atcos 2,2 Vot Hy, —u.1d

proportional toN — 2 (due to the fact that each row whereyhere the last equality derives from,;=u_; [see Remark 2].
AJiies i=1,...,2;5=1,...,3—i, belongs to ha®/ —2 non-  Comparing (44)-(45) with (20) and matching corresponding

zeros), thus the total time complexity during trel iteration terms, we obtain (22) and (23). m
is in the order of N —2) 327 i+ "1, % i. After these extra
Givens rotations have been applied, the total number of non- APPENDIXD
zeros inA is reduced tonz(A) = %Zle(N —i)(N—i+ COMPLEXITY ANALYSIS OF COLUMN PIVOTING
D=2 i+ (N—4)(N-3)-3. In this appendix, we address the computational complexity

Now we are ready to infer the time complexity and spagsf column pivoting, which corresponds to Lines 1-4, 6, 10-13
requirement at théth iteration by induction. In particular, ain Algorithm 1.

sequence ofV — £ — 1 Givens rotations is firstly employed Firstly, we investigate space complexity. Since the sqitare
and the resultingA, has upper bandW|dth = ¢ —1, and normvectorc; ... c,,] and permutation vectdr; ... ]
after this processinz(A) = 5 LY (N =) (N =i+ 1) = are required for performing column pivoting, we concludatth
SIS i (N — €= 1)(N — f) — (. Secondly, a total the space complexity i€ (nz), or equivalentlyO(N).



Secondly, for time complexity, we break down the overall

arithmetic operations into two phases, namely (1) initieih-g
eration ofc;,j = 1,...,nu, in Lines 1-4, and (2) sequential
update ofc;,j = ¢+1,...,nu, corresponding to Lines 6, 10-

13 during thefth iteration of the while-loop.

During the initialization stage, calculating eveey,j =
1,...,nmu, involvesO(N) operations, since each columnHKf

(1]

(2]

has at most(N — 1) non-zeros (see Remark 1). Furthermore/3l

finding the maximum element amongy = 3N scalars can

be achieved imy — 1 basic steps. Thus, executing Lines 1-4[4]

can be fuffilled inO(N?) basic steps.

To analyze the complexity associated with the update stage,
let us focus on théth iteration of the while-loop. We first note [5]

that exchange of théth and/¢*th columns ofH(¢~1 | as well

asc; andceg- in Line 6 can be tracked and effectively imple- [6]
mented by pointers in practice, without physically swagpin

real data in memory. On the other hand, the total number of
operations for updating;, j = ¢+1, ..., nu (see Lines 10-12
is ng — ¢. Additionally, the maximum operation in Line 13,
similar to that of Line 4, can be achievednig — ¢ basic steps.
Hence, the number of basic operations for the update phase at

(8]

the ¢th iteration is ofO(ng — ¢), and therefore, the total time [g]

complexity associated with sequential updat€isV?).

In summary, we conclude the overall time complexity of

column pivoting isO(N?).

APPENDIXE
PROOF OFPROPOSITION3

Proof: Firstly, we notice thatc* = |jul|3 is readily
available from the column pivoting stage (see Line 4#et 1
and Line 13 for/ > 1 in Algorithm 1), and needsot to be

[20]

[11]

[12]

(23]

recomputed. From (19), (21) and Remark 2, it is clear that
calculation ofv, 34,7 in Line 7 requires aonstantnumber [14]

of basic steps. Furthermora, andv shareexactly the same

sparsity pattern, thusnz(v) = 7,_1.

Secondly, we examine the number of basic steps for coms)

puting the matrix-vector produai = @(Ké‘ﬁ?)

elementd; is the inner product ofg,v and the jth col-

umn of Kégl),j = 1,...,na — £. Sincennz(v) = 74_1,

computingé; only requiresTy,—; scalar multiplications and

T¢—1 — 1 scalar additions. Therefore, computidginvolves

)Tv, whose

[16]

O((na — £)7,—1) operations. Oncé is computed, updating [17]

s = [s1

Sna—e]T is trivial with ny — ¢ basic steps

[see (22)]. Thus, the overall time complexity of Line 8 in

Algorithm 1 is O((na — €)1¢—1).

Thirdly, we note that (23) is a rank-one modification, Whergsl

Aé’g is obtained by subtracting an outer product;§* from
Ag;l). This rank-one update process has a cos{rgf —

é)(ﬂ,l —1). In particular, we only need to modify those rows

[19]

of Aéf;l) whose indices correspond to the linear indices of ”[90]

nonzero elements af_;.

In summary, the time complexity of Householder update at
the /th iteration, dominated by the computation dfand the [21]
[ |

update ofAy), is O((na — )7i—1).
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