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Abstract—This paper focuses on reducing the computational
complexity of the extended Kalman filter (EKF)-based multi-
robot cooperative localization (CL) by taking advantage ofthe
sparse structure of the measurement Jacobian matrixH. In
contrast to the standard EKF update, whose time complexity
is up to O(N4) (N is the number of robots in a team), we
introduce a Modified Householder QR algorithm which fully
exploits the sparse structure of the matrixH, and prove that the
overall time complexity of the EKF update, based on our QR
factorization scheme, reduces toO(N3). Additionally, the space
complexity of the proposed Modified Householder QR algorithm
is O(N2). Finally, we validate the Modified Householder QR
algorithm through extensive simulations and experiments,and
demonstrate its superior performance both in accuracy and in
CPU runtime, as compared to the current state-of-the-art QR
decomposition algorithm.

I. I NTRODUCTION

Multi-robot teams (sensor networks) have recently attracted
significant interest in the research community because of their
robustness, versatility, speed, and potential applications, such
as environmental monitoring [1], surveillance [2], human-
robot interaction [3], defense applications [4], as well astarget
tracking [5], [6].

Regardless of the applications, every robot in the team must
be able to accurately localize itself in an unknown environ-
ment to ensure successful execution of its tasks. While each
robot can independently estimate its own pose (position and
orientation) by integrating its linear and rotational velocities,
e.g., from wheel encoder [7], the uncertainty of the robot
pose estimates generated using this technique (dead-reckoning)
increases fast, and eventually renders these estimates useless.
Although one can overcome this limitation by equipping every
robot with absolute positioning sensors such as the Global
Positioning System (GPS), GPS signals are unreliable in urban
environments and unavailable in space and underwater. On
the other hand, by performing cooperative localization (CL),
where communicating robots use relative measurements (dis-
tance, bearing, and orientation) tojointly estimate the robots’
poses, it has been shown that the accuracy and performance
of the robot pose estimates can significantly improve [8], even
in the absence of GPS.

As shown in [7], in CL, each robot can process its own
proprioceptive measurements independently and distributively.
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However, since CL involves joint-state estimation, the pro-
cessing of exteroceptive measurements (i.e., relative robot-to-
robot measurements) requires the robots to communicate with
each other and update the covariance matrix corresponding
to all pose estimates in a centralized fashion. Using the
extended Kalman filter (EKF) framework, the time complexity
for processing each exteroceptive measurement isO(N2) (N
being the number of robots) [7]. Since the maximum possible
number of exteroceptive measurements is(N − 1)N at every
time step, the overall time complexity for updating the state
and covariance, in the worst case, becomesO(N4) per time
step. AsN grows, this high (time) complexity may prohibit
real-time performance.

In this paper, we investigate the computational complexity
(i.e., timecomplexity andspacecomplexity) of the centralized
EKF-based CL algorithm, considering the most challenging
situation where the total number of relative measurements per
time step is(N−1)N . The main contributions of this work are
the following: We show that the time complexity of state and
covariance updates can be reduced toO(N3) by employing
the Information filter (see Section III-C). To further improve
the numerical stability of the Information filter, we present an
EKF update scheme based on the QR factorization (also called
QR decomposition) of the measurement JacobianH (see
Section III-D). While the Standard Householder QR algorithm
has time complexityO(N4) and space complexityO(N3)
for decomposing (or factorizing)H, we develop the Modified
Householder QR algorithm (see Section V), which exploits
the sparse structure ofH and reduces the time complexity
and space complexity of QR decomposition toO(N3) and
O(N2), respectively. As a result, the overall computational
complexity of the EKF-based CL is reduced by an order of
magnitude (fromO(N4) to O(N3) for time complexity and
O(N3) to O(N2) for space complexity) per update step.

Following a brief review of related work in Section II,
we present the formulation of the EKF-based CL, as well
as an EKF update scheme based on the QR factorization
of H in Section III. In Section IV, we briefly describe the
QR decomposition based on the Standard Householder QR
algorithm, and show its time complexity and space complexity
of factorizingH areO(N4) andO(N3), respectively. We then
develop the Modified Householder QR algorithm in Section V,
which exploits the sparse structure ofH and achieves QR
decomposition with time complexityO(N3) and space com-
plexityO(N2). Simulation and real-world experimental results
are presented in Sections VI and VII, respectively, followed
by the conclusions and future directions in Section VIII.



II. L ITERATURE REVIEW

Multi-robot cooperative localization (CL) has received con-
siderable attention in the literature (e.g., [9], [10], [11], [12]).
Various system architectures, such as centralized [7], [13]
or distributed [14], [15], [16], have been proposed for CL.
These system architectures use various estimation algorithms,
such as the EKF [7], the maximum likelihood estimator
(MLE) [13], the maximum a posteriori estimator (MAP) [16],
and particle filters [10]. In this paper, we focus our discussion
on centralized or distributed approaches that fuse data in batch
mode (i.e., MLE or MAP, see Section II-A) or sequentially
(i.e., EKF, see Section II-B). The latter case is the main focus
of our work. In what follows, we denote asK the total number
of time steps addressed in batch mode,N the number of
robots in the team, and consider the worst-case computational
complexity where the total number of relative measurements
per time step is(N − 1)N .

A. MLE or MAP-based Estimator

Howard et al. [13] presented a centralized MLE-based
algorithm to address the CL problem. The solution of the
underlying non-convex optimization problem, formulated by
maximizing the conditional probability density function (pdf),
is computed iteratively by the conjugate gradient (CG) algo-
rithm with time complexity per CG iteration ofO(KN2).

Contrary to [13], where all measurements are transmitted
and processed at a fusion center, the authors [15] proposed
to solve the MLE in a distributed fashion. The original non-
convex optimization problem is decomposed intoN sub-
problems, one for each robot. In particular, theith robot (i.e.,
robot-i) minimizes only a part of the cost function that involves
terms corresponding to its own proprioceptive measurements,
as well as the relative measurements between robot-i and other
robots. The optimization process in this case approximates
other robots’ poses as constants. However, there exists no
proof that the proposed approach guarantees convergence to
even one of the local minima. Additionally, the computational
complexity of the algorithm is not addressed in the paper.

Similar to [13], Dellaertet al. [17] addressed MAP-based
centralized CL by incorporating prior information about the
initial poses of robots. Contrary to [13], the resulting non-
convex optimization problem is solved iteratively by the
Levenberg-Marquardt (LM) algorithm. The solution of the
system of linear equations at each iteration of the LM method
is determined through a sparse QR solver. Although some
insights were provided in the selection of initial estimates,
the algorithm does not guarantee convergence to the global
optimum. Furthermore, the paper does not provide information
about the worst-case time complexity of the sparse QR solver.

Recently, Nerurkaret al. [16] introduced a fully distributed
CG algorithm to address the MAP-based CL. Similar to [17],
the resulting non-convex optimization problem is solved it-
eratively using the LM algorithm. In contrast to [13], the
incremental solution at each iteration of the LM method
is distributively computed by the CG algorithm. The time
complexity per robot and per iteration of the LM method is
of O((KN)2).

The main drawback of the previous gradient-based iterative
algorithms (see [13], [16], [17]) is that the total number of
iterations required for convergence has not been addressed, as
well as no guarantees of convergence to global optimum, due
to the existence of multiple local minima of the resulting non-
convex optimization problem arising from CL. Furthermore,
the above batch-mode estimators can be implemented only
when all data become available, and are unable to provide on-
line estimations when new data arrives. This motivates us to
consider EKF-based estimators in CL.

B. EKF-based Estimator

In [7], Roumeliotis and Bekey showed that within the EKF
framework, each robot can independently propagate its own
state and covariance in a fully distributed fashion. However,
during the update stage, the observing robot needs to broadcast
its relative measurements to the rest of the robots in the team,
and update the covariance matrix corresponding to all pose
estimates in a centralized fashion. In this approach, the time
complexity for processing each exteroceptive measurement
is O(N2). Therefore, in the worst case, the overall time
complexity for sequentially updating state and covariance
becomesO(N4) per time step. To reduce the cost of EKF-
based CL, severalapproximatealgorithms have been proposed.

Panzieriet al. [18] presented a fully decentralized algorithm
based on the Interlaced EKF [19], where each robot only
processes relative measurements taken by itself to update its
own pose estimate, while treating the other robots’ poses as
deterministic parameters. The time complexity per robot and
per time step isO(N) (hence the overall time complexity
per time step isO(N2)) when relative measurements are
processed sequentially. Similar to [18], Karamet al. [20]
proposed a distributed EKF-based method for CL. However,
contrary to [18], here the robots are restricted to exchange
their state estimates with others within communication range.
The time complexity per robot and per time step isO(N2),
resulting in the overall time complexityO(N3) per time step.

Martinelli [21] developed a distributed approach for CL that
uses hierarchical EKF filters to estimate the robots’ poses.In
this case,N robots in a team are divided intoL groups, each
consisting ofM robots (N = LM ). Every group contains
a group leader who processes all the relative measurements
between any two robots in that group and only updates the
pose estimates of the robots belonging to its group. A team
leader is in charge of processing all observations between any
two robots from different groups and only updates the pose
estimates of theL leaders. The time complexity per time step
for each group leader and the team leader areO(M4) and
O(N(N −M)L2), respectively.

The main drawback of the above approximate algorithms
(see [18], [20], [21]) is that in order to reduce the computa-
tional complexity of EKF-based CL, these approaches ignore
cross-correlations amongst robots, which often leads to overly
optimistic and inconsistent estimates. In this paper, we present
an algorithm that reduces the time complexity of EKF-based
CL to O(N3), without introducing any approximations, but,
instead, by taking advantage of the specific sparse structure of
the measurement Jacobian matrix.



III. PROBLEM FORMULATION

Consider a group ofN mobile robots performing CL in 2-D
by processing relativedistance and bearingmeasurements. In
this paper, we study the case ofglobal localization, i.e., the
pose (position and orientation) of each robot is described with
respect to a fixed (global) frame of reference.

The pose of theith robot (or robot-i) at time-stepk is
denoted asxik = [(pik)

T ϕik]
T, wherepik = [xik y

i
k]

T andϕik
represent the position and orientation of robot-i at time-step
k with respect to the global frame of reference, respectively.
The state vector for the robot team at time-stepk is defined
asxk = [(x1

k)
T (x2

k)
T . . . (xNk )T]T ∈ R3N . We assume that

each robot is equipped with proprioceptive sensors (e.g., wheel
encoders), which measure its linear and rotational velocities, as
well as exteroceptive sensors (e.g., laser scanners), which can
detect, identify, and measure the relative distance and bearing
to other robots.

A. State Propagation

The discrete-time state propagation equation for robot-i
from time-stepk − 1 to k is

xik = f ik−1(x
i
k−1,u

i
k−1,w

i
k−1) , i = 1, . . . , N,

where the control inputuik−1 = [vik−1 ω
i
k−1]

T, consisting of
the linear velocity measurementvik−1 and rotational velocity
measurementωik−1 recorded by the proprioceptive sensors,
is corrupted by zero-mean, white Gaussian process noise
wi
k−1 = [wik−1,v w

i
k−1,ω ]

T with covarianceCi
w.

In this work, we employ the extended Kalman filter (EKF)
for recursively estimating the robot’s posexik, i = 1, . . . , N .
Thus the estimate of robot-i’s pose is propagated by1:

x̂ik|k−1 = f ik−1(x̂
i
k−1|k−1,u

i
k−1,0) , i = 1, . . . , N,

wherex̂ℓ|j is the state estimate at time-stepℓ, after measure-
ments up to time-stepj have been processed.

The covariance matrix corresponding to the state estimate
x̂k|k−1 is propagated as

Pk|k−1 = Φk−1Pk−1|k−1Φ
T
k−1 +Gk−1CwGT

k−1 , (1)

where Φk−1 = diag(Φ1
k−1, . . . ,Φ

N
k−1) with Φi

k−1 =
∇xi

k−1

f ik−1, and Gk−1 = diag(G1
k−1, . . . ,G

N
k−1) with

Gi
k−1 = ∇wi

k−1

f ik−1, i = 1, . . . , N . The overall process noise

covarianceCw = diag(C1
w, . . . ,C

N
w).

Note that due to the block diagonal structures ofΦk−1 and
Gk−1, the overall computational complexity (both time and
space complexity) of implementing (1) isO(N2) [7].

B. Measurement Model

At time-step k, the relative distance and bearing obser-
vations recorded by the exteroceptive sensors from robot-i

1In the remainder of the paper, the “hat” symbolˆ is used to denote the
estimated value of a quantity, while the “tilde” symbol˜ is used to signify the
error between the actual value of a quantity and its estimate. The relationship
between a variablex and its estimatêx, is x̃ = x− x̂. Additionally, 0m×n

andIn represent them×n zero matrix andn×n identity matrix, respectively.
1n denotes then dimensional (column) vector with all elements being 1, and
ej is the unit (column) vector with a 1 in thejth coordinate and 0’s elsewhere.

measuring robot-j (1 ≤ i 6= j ≤ N ) are given by

z
i,j
k = h

i,j
k (xik,x

j
k) + n

i,j
k , (2)

wherehi,jk (xik,x
j
k) = [di,jk θi,jk ]T, with

di,jk = ‖pjk − pik‖2 ,

θi,jk = arctan

(

yjk − yik
xjk − xik

)

− ϕik

denoting the true distance and bearing from robot-i observing
robot-j at time-stepk, respectively.ni,jk = [ni,jk,d n

i,j
k,θ]

T is
zero-mean white Gaussian measurement noise with covariance
Ci,j

n . Without loss of generality, we assumeCi,j
n = I2 (1 ≤

i 6= j ≤ N ) throughout the rest of paper.
The measurement-error equation forz

i,j
k , obtained by lin-

earizing (2) around the current best state estimatex̂k|k−1, is

z̃
i,j
k|k−1 = z

i,j
k − h

i,j
k (x̂ik|k−1, x̂

j
k|k−1) (3)

≈ Ψ
i,j
k x̃ik|k−1+Υ

i,j
k x̃

j
k|k−1+n

i,j
k = H

i,j
k x̃k|k−1+n

i,j
k ,

where

Ψ
i,j
k = ∇xi

k
h
i,j
k =







−
(p̂j

k|k−1
−p̂i

k|k−1
)T

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

0

−
(p̂j

k|k−1
−p̂i

k|k−1
)TJT

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

2

−1






, (4)

Υ
i,j
k = ∇

x
j

k

h
i,j
k =







(p̂j

k|k−1
−p̂i

k|k−1
)T

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

0

(p̂j

k|k−1
−p̂i

k|k−1
)TJT

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

2

0






(5)

are of dimensions2×3, andJ =

[

0 −1
1 0

]

. Furthermore, note

that the measurement Jacobian matrixH
i,j
k (of dimensions

2× 3N ) has a sparse structure (without loss of generality, we
assumei < j):

H
i,j
k =

[

02×3(i−1) Ψ
i,j
k 02×3(j−i−1) Υ

i,j
k 02×3(N−j)

]

.

In fact, there are at most 9 nonzero elements inH
i,j
k (5 from

Ψ
i,j
k and 4 fromΥ

i,j
k ).

In this paper, we consider the worst-case scenario where the
sensing range of the exteroceptive sensors is sufficiently large
so that each robot can detect, identify, and measure the relative
distance and bearing to the remainingN − 1 robots at every
time step. Thus, the total number of relative measurements
per time step is(N − 1)N , which corresponds to the most
challenging case in terms of computational complexity. For
the general case when the number of measurements is less
than(N−1)N due to the limited sensing range of each robot,
our proposed method (see Section V) can be readily applied
without modifications.

The measurement-error equation for the robot team, ob-
tained by stacking all the measurement residualsz̃

i,j
k|k−1

[see (3)] into a column vector, is

z̃k|k−1 ≈ Hkx̃k|k−1 + nk ,

where z̃k|k−1 = [(z̃1,2k|k−1)
T . . . (z̃i,jk|k−1)

T . . . (z̃N,N−1
k|k−1 )T]T

is the measurement residual error vector of dimension
2(N − 1)N , andnk = [(n1,2

k )T . . . (ni,jk )T . . . (nN,N−1
k )T]T



is zero-mean, white Gaussian measurement noise with covari-
anceCn = I2(N−1)N .

The overall measurement Jacobian matrixHk =
[(H1,2

k )T . . . (Hi,j
k )T . . . (HN,N−1

k )T]T, whose dimensions are
2(N − 1)N × 3N , has the following sparse structure:

Hk =





















































Ψ
1,2

k Υ
1,2

k

Υ
2,1

k Ψ
2,1

k

...
Ψ

1,N

k Υ
1,N

k

Υ
N,1

k Ψ
N,1

k

Ψ
2,3

k Υ
2,3

k

Υ
3,2

k Ψ
3,2

k

...
Ψ

2,N

k Υ
2,N

k

Υ
N,2

k Ψ
N,2

k

...
...

...
Ψ

N−1,N

k Υ
N−1,N

k

Υ
N,N−1

k Ψ
N,N−1

k





















































. (6)

Remark 1:We highlight two important properties ofHk.
Firstly, due to its sparse structure [see (6)], each row ofHk

has at most 5 nonzero elements [see (4)-(5)]. Per column, there
exist at most4(N − 1) non-zeros, e.g., the nonzero elements
of the first column ofHk originate from the first columns of
the matricesΨ1,j

k andΥj,1
k , j = 2, . . . , N , where each column

of Ψ1,j
k (or Υj,1

k ) has at most 2 nonzero elements [see (4)-
(5)]. Thereforennz(Hk) ∼ O(N2), wherennz(H) denotes
the number of nonzero elements ofH, and the storage of
Hk can be efficiently achieved usingO(N2) memory cells.
Secondly, since all the exteroceptive measurements arerelative
observations between each pair of robots, andabsolutepose
measurements (such as GPS) are unavailable,Hk is rank
deficiency. In particular, we have the following proposition.

Proposition 1: rank(Hk) ≤ 3N − 2, hence,Hk is not full
(column) rank.

Proof: To showrank(Hk) ≤ 3N − 2, we first construct

a 3N × 2 matrix Ξ = 1N ⊗

[

I2
01×2

]

, where ⊗ denotes

the Kronecker tensor product. Next, for every sub-matrix
H
i,j
k , 1 ≤ i 6= j ≤ N , it is straightforward to verify that

H
i,j
k Ξ=







−
(p̂j

k|k−1
−p̂i

k|k−1
)T

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

−
(p̂j

k|k−1
−p̂i

k|k−1
)TJT

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

2






+







(p̂j

k|k−1
−p̂i

k|k−1
)T

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

(p̂j

k|k−1
−p̂i

k|k−1
)TJT

‖p̂j

k|k−1
−p̂i

k|k−1
‖2

2






=0.

Hence,HkΞ=02(N−1)N×2. Sincerank(Ξ)=2, we conclude
rank(Hk) ≤ 3N − 2, and thusHk is not full rank.

C. State and Covariance Updates

Once all the relative measurementsz
i,j
k , 1 ≤ i 6= j ≤ N,

become available, the state estimate and its covariance are
updated as

x̂k|k = x̂k|k−1 +Kkz̃k|k−1, (7)

Pk|k = Pk|k−1 −KkSkK
T
k , (8)

where Kk = Pk|k−1H
T
kS

−1
k is the Kalman gain,Sk =

HkPk|k−1H
T
k +Cn is the measurement residual covariance.

Unfortunately, the time complexity and space complexity
of the state and covariance updates using (7)-(8) areO(N6)
and O(N4), respectively, due to the inversion and storage
of a densematrix Sk whose dimensions are2(N − 1)N ×
2(N − 1)N . Therefore, the real-time implementation of (7)-
(8) becomes prohibitive as the number of robots increases.

It is possible to avoid the inversion and storage ofSk
by processing(N − 1)N measurementssequentially. In this
case, since the time complexity for processing every relative
measurementzi,jk is O(N2) [7], the total time complexity per
time step becomesO(N4). In addition, space complexity can
be reduced toO(N2) [7]. However, due to the nonlinearity of
the measurement model [see (2)], the robot pose estimates
obtained by sequential updates are less accurate than the
estimates obtained by concurrent updates using (7)-(8).

Another alternative approach for updating the state and
covariance is to employ the Information filter [22, Chapter
5, Section 5.6] (forCn = I2(N−1)N ):

Pk|k =
(

P−1
k|k−1 +HT

kHk

)−1

, (9)

x̂k|k = x̂k|k−1 +Pk|kH
T
k z̃k|k−1 . (10)

It is worth noting that computingHT
kHk andPk|kHT

k z̃k|k−1

requires basic computational steps onlyO(N2), due to the
sparse structure ofHk (See Appendix A). Hence, the most
computationally demanding operation of (9)-(10) involvesthe
inversions of two matrices (i.e.,Pk|k−1 andP−1

k|k−1+HT
kHk),

whose dimensions are linear inN . Thus, the total time
complexity of the state and covariance updates using (9)-(10)
is O(N3), a significant complexity reduction as compared to
the standard EKF updates using (7)-(8). Additionally, since
both Pk|k−1 andHk occupyO(N2) memory cells (because
of nnz(Hk) ∼ O(N2) and we only need to store non-zeros of
Hk), the space complexity of updating the state and covariance
using (9)-(10) is reduced fromO(N4) to O(N2).

Unfortunately, (9) often suffers from numerical instability,
due toκ(HT

kHk) = κ2(Hk) (κ(H) is the condition number of
H), which renders the state and covariance updates using (9)-
(10) numerically less robust [23].

D. State and Covariance Updates throughQR Factorization

An effective strategy to overcome the numerical instability
of the Information filter [see (9)-(10)] is to applythin QR
factorization withcolumn pivotingon Hk [23], i.e.,

Hk = QHk
RHk

ΠT
Hk

, (11)

whereQHk
is a 2(N − 1)N × 3N matrix with orthonormal

columns (i.e.,QT
Hk

QHk
= I3N ), and RHk

is an upper
triangular matrix with the absolute value of its diagonal
elements arranged in decreasing order. Furthermore,ΠHk

is a
(column) permutation matrix generated from column pivoting
techniques, satisfyingΠHk

ΠT
Hk

= ΠT
Hk

ΠHk
= I3N . Note

that in order to ensure orthogonality ofQHk
, it is necessary

to invoke column pivoting onHk [24, Section 5.4.1], due to
the fact thatHk is rank deficient (see Proposition 1).

Substituting (11) into (9), we obtain the EKF update equa-



tions based on QR factorization

Pk|k =
(

P−1
k|k−1 +ΠHk

RT
Hk

RHk
ΠT

Hk

)−1

(12)

= Pk|k−1 −Pk|k−1ΠHk
RT

Hk
Σ−1
k RHk

ΠT
Hk

Pk|k−1 ,

x̂k|k = x̂k|k−1 +Pk|kH
T
k z̃k|k−1 , (13)

whereΣk = RHk
ΠT

Hk
Pk|k−1ΠHk

RT
Hk

+ I3N , and the last
equality in (12) is established by the matrix inversion lemma.

Note that in contrast toSk [see (8)], whose dimensions are
2(N−1)N×2(N−1)N , the matrixΣk in (12) has dimensions
only 3N×3N . Thus, assuming bothRHk

andΠHk
are given,

the total time complexity and space complexity of the state and
covariance updates using (12)-(13) areO(N3) and O(N2),
respectively, the same order of computational complexity as
of using (9)-(10). More importantly,κ(RHk

) = κ(Hk) [24].
Hence the numerical stability of (12)-(13) is improved as
compared to (9)-(10).

Therefore, in order to ensure that the time complexity
and space complexity for the state and covariance updates
through QR factorization [see (12)-(13)] remainO(N3) and
O(N2), we conclude that the maximum number of arithmetic
operations and memory usage to implement (11) should be
O(N3) andO(N2), respectively.

In what follows, we focus on theHouseholder QRalgo-
rithm, one of the most widely adopted numerical techniques
for QR factorization [24, Section 5.2.1]. We analyze the
computational complexity of QR decomposition ofHk using
the Householder QR algorithm (see Section IV), and develop a
modified version of Householder QR that exploits the sparsity
of Hk and reduces the overall computational complexity by
an order of magnitude (see Section V).

IV. STANDARD HOUSEHOLDERQR

As mentioned in Section III-D, a numerically robust and
efficient QR decomposition algorithm with time complexity
and space complexity at mostO(N3) and O(N2), respec-
tively, is a prerequisite for successfully implementing the state
and covariance updates through (12)-(13). Several methods
exist for performing QR factorization, such as the Cholesky
decomposition (CHO), the modified Gram-Schmidt process
(MGS), the Givens rotations (GIV), or the Householder trans-
formations (also called Householder reflections) [24, Sec-
tion 5.2]. Due to its simplicity and numerical stability, we
adopt the column pivoted QR factorization algorithm utilizing
Householder transformations, which is termed as Standard
Householder QR in this paper.2 In what follows, we present a
brief overview of Householder reflections (see Section IV-A),
as well as the essence of the Standard Householder QR
algorithm (see Section IV-B). Additionally, the computational
complexity analysis conducted in Sections IV-C reveals that
the QR decomposition ofHk, when applying the Standard

2We have conducted computational complexity analysis when employing
CHO, MGS, and GIV. More specifically, it is shown in Appendix Bthat the
time complexity and space complexity of CHO areO(N3) and O(N2),
respectively, due to the sparse structure ofHk . However, CHO is not
applicable since it requiresHT

k
Hk to be positive definite. On the other

hand, both MGS and GIV requireO(N4) arithmetic operations andO(N3)
memory cells (see Appendix B).

Householder QR, has time complexityO(N4) and space
complexity O(N3). For clarity, the time-step indexk is
dropped from (11) throughout the rest of the paper, with
mH = 2(N − 1)N and nH = 3N denoting the number of
rows and columns ofH, respectively.

A. Householder Reflection

We first introduce anorthogonal and symmetricHouse-
holder (reflection) matrixQ = I−βvvT, whereβ = 2/‖v‖22,
and thenonzerovectorv is called a Householder vector.

Any matrix H, multiplied byQ, can be computed as

QH = (I− βvvT)H = H− v
(

βHTv
)T

. (14)

It is worth emphasizing that Householder updates [see (14)]
“never entail the explicit formation of the Householder matrix
Q. Instead, an Householder update involves a matrix-vector
multiplication ζ = βHTv and an outer product updateH −
vζT” to reduce computational complexity [24, Section 5.1.4].

Now suppose for a given matrixH, our objective is to seek
a Householder matrixQ (or corresponding Householder vector
v), such that the first column ofQH has zeros below its first
component. In other words, lettingu denote the first column
of H, we select a vectorv and a scalarα, such that

Qu = u− β(vTu)v = re1 . (15)

The solution of (15) is provided by [24, Section 5.1.2]

r = −sign(u1)‖u‖2 , β =
(

‖u‖22 + |u1|‖u‖2
)−1

, (16)

v = u+ sign(u1)‖u‖2e1 , (17)

whereu1 is the first element ofu. For notational convenience,
we useu−1 to denote the vector obtained by removing the first
element ofu, i.e.,u = [u1 uT

−1]
T.

Remark 2:A key observation of (17) is that the vectorsv
andu differ only by their first elements (v1 = u1−r). In other
words,v−1 = u−1. This property plays a pivotal role in the
development of the Modified Householder QR in Section V.

B. Description of the Standard Householder QR

In the previous section (see Section IV-A), we provide a
framework to generate a Householder matrixQ such that the
productQH eliminates all except the first element of the first
column ofH. The Standard Householder QR algorithm (with
column pivoting) [24, Algorithm 5.4.1] extends the above
strategy by applyinga sequence ofHouseholder matrices
(multiplying H from left by Q), as well asa sequence of
column permutation matrices (multiplyingH from right by
Π), to gradually transformH into an upper triangular form
RH, whose diagonal elementsri,i, i = 1, . . . , nH, satisfying
|ri,i| ≥ |rj,j | for 1 ≤ i < j ≤ nH.

More specifically, suppose that after(ℓ − 1) Householder
matrices{Qi = ImH

− βiviv
T
i , i = 1, . . . , ℓ − 1} have left-

multipliedH, as well as(ℓ− 1) column permutation matrices
{Πi, i = 1, . . . , ℓ − 1} have right-multipliedH, the resulting
matrix H(ℓ−1) takes the following block form

H(ℓ−1)=Qℓ−1· · ·Q1HΠ1· · ·Πℓ−1=

[

H
(ℓ−1)
1,1 H

(ℓ−1)
1,2

0 H
(ℓ−1)
2,2

]

, (18)



whereH(ℓ−1)
1,1 is anupper triangularmatrix of dimensions(ℓ−

1) × (ℓ−1) with the absolute value of its diagonal elements
arranged in decreasing order.

At the ℓth iteration, the Standard Householder QR algo-
rithm firstly performs column pivoting (i.e., right-multiplying
H(ℓ−1) with Πℓ), followed by an Householder update by left-
multiplying H(ℓ−1)Πℓ with Qℓ.

Specifically, for column pivoting, we compute the squared
norm of every column ofH(ℓ−1)

2,2 , denoted ascℓ, . . . , cnH
, and

seekℓ∗ = argmaxj{cj, j = ℓ, . . . , nH} and c∗ = cℓ∗ . Note
that cℓ, . . . , cnH

can be updated recursively by a formula (see
Algorithm 1, Line 11) discovered by Businger and Golub [25],
which significantly reduces the computational complexity [24,
Section 5.4.1]. The permutation matrixΠℓ is generated by
exchanging canonical vectorseℓ andeℓ∗ in InH

. Furthermore,
H(ℓ−1)Πℓ is equivalent to performing column permutations by
swapping theℓth column andℓ∗th column ofH(ℓ−1). Without
loss of generality, in what follows, we assumeΠℓ = InH

.
For Householder update, we seekQℓ = ImH

−βℓvℓv
T
ℓ such

that thefirst ℓ columnsof H(ℓ) = (ImH
− βℓvℓv

T
ℓ )H

(ℓ−1)Πℓ

are upper triangular. Since H
(ℓ−1)
1,1 is upper triangular, the

Householder matrixQℓ only needs to zero all but the1st
component ofu, whereu is the first columnof H(ℓ−1)

2,2 , while
leaving the previousℓ−1 columns ofH(ℓ−1) intact [24, Section
5.2.1]. This is achieved by selectingvℓ = [01×(ℓ−1) v

T]T, with

v = u+ sign(u1)(c
∗)1/2 e1 , (19)

wherec∗ = ‖u‖22 and βℓ = (c∗ + |u1|(c
∗)1/2)−1. Note that

c∗ = cℓ∗ is available after the column pivoting stage and needs
not to be recomputed throughc∗ = uTu.

Now let us examine the structure ofH(ℓ) = QℓH
(ℓ−1)Πℓ,

after theℓth iteration of the Standard Householder QR. For
clarity, we partition the matricesH(ℓ−1)

1,2 andH(ℓ−1)
2,2 as follows:

H
(ℓ−1)
1,2 = [t H

(ℓ−1)

1,2 ], wheret is the first column ofH(ℓ−1)
1,2 , and

H
(ℓ−1)

1,2 consists of its remaining columns; similarlyH(ℓ−1)
2,2 =

[

u H
(ℓ−1)

2,2

]

=

[

u1 s̄T

u−1 H
(ℓ−1)
2,2

]

, whereH
(ℓ−1)

2,2 consists of all

but the first column ofH(ℓ−1)
2,2 , the row vector s̄T represents

the first row ofH
(ℓ−1)

2,2 , andH(ℓ−1)
2,2 is obtained by removinḡsT

from H
(ℓ−1)

2,2 . Using this notation, we establish Proposition 2.
Proposition 2: H(ℓ) has the following block structure

H(ℓ) = Qℓ· · ·Q1HΠ1· · ·Πℓ =

[

H
(ℓ)
1,1 H

(ℓ)
1,2

0 H
(ℓ)
2,2

]

, (20)

whereH(ℓ)
1,1 =

[

H
(ℓ−1)
1,1 t

0 rℓ

]

is anupper triangularmatrix of

dimensionsℓ× ℓ, andH(ℓ)
1,2=

[

(

H
(ℓ−1)

1,2

)T
s

]T

, with

rℓ = −sign(u1)(c
∗)1/2 , (21)

s = s̄− v1δ , (22)

H
(ℓ)
2,2 = H

(ℓ−1)
2,2 − u−1δ

T . (23)

whereδ = βℓ
(

H
(ℓ−1)

2,2

)T
v.

Proof: The proof is shown in Appendix C.

In summary, we have briefly described column pivoting
and Householder update at theℓth iteration of the Standard
Householder QR algorithm. The overall algorithm terminates
when c∗ < ǫ, where ǫ is a small positive scalar chosen
to take into account of machine roundoff errors (ideally the
algorithm terminates whenc∗ = 0). Denoting the overall
number of iterations asl, the outputRH is selected as the
first nH rows ofH(l) (Note that the explicit expression of each
individual Qℓ, ℓ = 1, . . . , l, as well asQH = Q1 · · ·Ql, is
not computed, since the covariance update [see (12)]does not
involveQH. In addition, weneverentail the explicit formation
of Πℓ, ℓ = 1, . . . , l, as well asΠH = Π1 · · ·Πl. Instead,
ΠH is represented and updated by apermutation vector
[π1 . . . πnH

], i.e.,ΠH = [eπ1
. . . eπnH

]. For completeness,
the flow chart of the Standard Householder QR is summarized
in Algorithm 1.

Algorithm 1 Standard Householder QR

Require: H(0) = H of dimensionsmH × nH (mH ≥ nH).
Ensure: RH andΠH of dimensionsnH × nH.

1: for i = 1 to nH, do
2: Initialize πi = i, and computeci, the squared norm of

the ith column ofH(0)
2,2 = H(0).

3: end for
4: Set ℓ = 1, determineℓ∗ = argmaxj{cj, j = ℓ, . . . , nH}

andc∗=cℓ∗ .
5: while c∗ > ǫ do
6: Swap theℓth andℓ∗th columns ofH(ℓ−1), exchangecℓ

andcℓ∗ , and then interchangeπℓ with πℓ∗ .
7: Calculateβℓ,v fromu (u is the first column ofH(ℓ−1)

2,2 )
using (19), andrℓ from c∗ using (21).

8: Computeδ ands = [s1 . . . snH−ℓ]
T [see (22)].

9: Update the sub-matrixH(ℓ)
2,2 [see (23)].

10: for j = ℓ+ 1 to nH, do
11: Modify cj ⇐ cj − s2j−ℓ.
12: end for
13: Seekℓ∗ = argmaxj{cj, j = ℓ + 1, . . . , nH} and c∗ =

cℓ∗ , and thenℓ⇐ ℓ+ 1.
14: end while
15: return ΠH=[eπ1

. . . eπnH
], andRH selected as the first

nH rows ofH(l), l being the total number of iterations.

C. Complexity Analysis of the Standard Householder QR

We now analyze the computational complexity of factor-
izing H using the Standard Householder QR algorithm. The
main result is that the time complexity and space complexity,
when employing the Standard Householder QR algorithm, are
O(N4) andO(N3), respectively. As explained later on, this
high computational cost is due to the fact that the sparse struc-
ture ofH is destroyed by the Householder transformations.

To proceed, we notice that the computational complexity of
the Standard Householder QR algorithm is contributed from
two sources, (1) column pivoting in association withΠℓ and
(2) Householder update in association withQℓ, ℓ = 1, . . . , nH.
Specifically, we decompose Algorithm 1 into two categories,



where Lines 1-4, 6, 10-13 corresponds to column pivoting,
while Householder update consists of Lines 7-9. We examine
the overhead associated with each individual source separately.
Thus, the total complexity of the algorithm isdominatedby
the higher overhead from these two sources.

By exploiting the sparse structure ofH, we can show the
time complexity and space complexity associated with column
pivoting in the Standard Householder QR areO(N2) and
O(N), respectively. More details are provided in Appendix D.

Remark 3:As will become clear in following sections, the
computational overhead associated with column pivoting isat
least one order of magnitude less than that of Householder
update. Furthermore, in practice, column pivoting can be
efficiently implemented using pointers, without physically
swapping data in memory. In what follows, without loss
of generality, we assumeΠℓ = InH

, ℓ = 1, . . . , l, hence
ΠH = InH

and [π1 . . . πnH
] = [1 . . . nH].

In what follows, we address the computational complexity
associated with Householder update in the Standard House-
holder QR (see Lines 7-9 in Algorithm 1). For the purpose of
presentation, we introduce a matrixΛ of dimensionsmΛ×nΛ,
with mΛ = (N −1)N/2 = mH/4 and nΛ = N = nH/3
[see (24)]. Specifically,Λ is constructed by firstly removing
from H the measurement Jacobian matricesHi,j for all
1 ≤ j < i ≤ N , which correspond to all even block rows
of H in (6). Secondly, every pair of matricesΨi,j andΥi,j

(i < j) of dimensions2 × 3 in H [see (6)] are replaced by
nonzero scalarsψi,j , υi,j in Λ [see (24)]. Since bothmH and
mΛ are quadratic inN , as well asnH andnΛ both linear inN ,
and most importantly, each matrixΨi,j ,Υi,j has dimensions
independentof the size of robot teamN , the computational
complexity of decomposingΛ in (24) is in thesame orderas
of decomposingH in (6). Thus, for simplicity, we present the
computational complexity analysis of factorizingΛ.

Λ=







































ψ1,2 υ1,2

ψ1,3 υ1,3

...
. . .

ψ1,N υ1,N

ψ2,3 υ2,3

ψ2,4 υ2,4

...
. . .

ψ2,N υ2,N

... · · ·
...

ψN−1,N υN−1,N







































. (24)

To facilitate the discussion afterwards, the following propo-
sition proves to be useful, which shows the time complexity
of Householder update (see Algorithm 1, Lines 7-9) at the
ℓth iteration isproportional to the number of non-zeros ofu
representing the first column ofΛ(ℓ−1)

2,2 , and isindependentof
the structure ofΛ(ℓ−1).

Proposition 3: Let u represents the first column ofΛ(ℓ−1)
2,2

and supposennz(u) = τℓ−1, then the time complexity of
implementing Lines 7-9 in Algorithm 1 at theℓth iteration
of the Standard Householder QR isO((nΛ − ℓ)τℓ−1).

Proof: The proof is provided in Appendix E.

From Proposition 3, the overall time complexity associated
with Householder update is in the order of

∑nΛ

ℓ=1(nΛ−ℓ)τℓ−1.
In what follows, we firstly seek the expressions ofτℓ−1, ℓ =
1, . . . , nΛ, to determine the time complexity associated with
Householder update (see Section IV-C1), followed by exam-
ining the space complexity in Section IV-C2.

1) Time Complexity:In this section, we focus on analyzing
the number of arithmetic operations for Householder update
per iteration (see Algorithm 1, Lines 7-9). Additionally, we
examine the evolution of the sparsity pattern ofΛ.

Initially, Λ(0) = Λ has a sparse structure [see (24)]. More
specifically,eachcolumn ofΛ hasτ̄0 = τ0 = N−1 non-zeros,
andnnz(Λ) = (N − 1)N .
• At the 1st iteration
Sinceu, the first column ofΛ(0)

2,2 = Λ(0), satisfiesnnz(u) =
τ0 = N − 1, based on Proposition 3, the time complexity of
Householder update at the1st iteration isO((N − 1)2).

Now let us examine the structure ofΛ(1), after the1st
Householder matrixQ1 (generated by the Householder vector
v) has been applied toΛ(0). Due to the nonzero elements of
u (i.e., ψ1,j , j = 2, . . . , N ), the firstN − 1 elements of all
except for the first column ofΛ(1) become nonzero [see (25)].
Therefore the Householder updatedoes not preservethe orig-
inal sparsity ofΛ(0), and the resulting matrixΛ(1) = Q1Λ

(0)

has the following dense structure3

Λ(1)=


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


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






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









× × ⊠ ⊠ · · · ⊠

⊠ × ⊠ · · · ⊠

...
...

...
. . .

...
⊠ ⊠ ⊠ · · · ×
ψ2,3 υ2,3

ψ2,4 υ2,4

...
. . .

ψ2,N υ2,N

... · · ·
...

ψN−1,N υN−1,N







































. (25)

Furthermore, in contrast toN − 1 nonzero elements per
column of Λ(0) and nnz(Λ(0)) = (N − 1)N , we observe
that all but the first column ofΛ(1) has τ̄1 = τ̄0 + N −
2 =

∑2
i=1(N − i) nonzero elements [see (25)], as well as

nnz(Λ(1)) = (N − 1)τ̄1 + 1 = (N − 1)
∑2

i=1(N − i) + 1.
• At the 2nd iteration
At the 2nd iteration, the vectoru (the first column ofΛ(1)

2,2)
has nnz(u) = τ1 = τ̄1 − 1 =

∑2
i=1(N − i) − 1. From

Proposition 3, the time complexity of Householder update at
the 2nd iteration isO((N − 2)[

∑2
i=1(N − i)− 1]).

After the 2nd Householder matrixQ2 has been applied,
the resulting matrixΛ(2) = Q2Λ

(1) has a dense structure
shown in (26). Similarly,Q2 further destroys the sparse
pattern ofΛ(1) by introducing extra nonzero elements through
ψ2,j , j = 3, . . . , N , to the corresponding rows of the sub-
matrix

[

(Λ
(1)
1,2)

T (Λ
(1)
2,2)

T
]T

, which represents the lastN − 2

columns ofΛ(1) [see (18)]. Thus, all but the first two columns

3We use “× ” to denote a nonzero element, whereas “⊠ ” highlights a
nonzero filling.



of Λ(2) hasτ̄2 = τ̄1+N−3 =
∑3

i=1(N−i) nonzero elements,
andnnz(Λ(2)) = (N − 2)τ̄2 +

∑2
i=1 i = (N − 2)

∑3
i=1(N −

i) +
∑2

i=1 i.

Λ(2)=
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














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× ⊠ · · · ⊠

⊠ × · · · ⊠

...
...

. . .
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⊠ ⊠ · · · ×
ψ3,4 υ3,4

... · · ·
...

ψN−1,N υN−1,N
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


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











. (26)

• At the ℓth iteration
Similar to the above analysis, we can draw conclusions by

induction. More specifically, afterℓ − 1 Householder updates
have been applied toΛ(0), everyjth column (j = ℓ, . . . , N ) of
Λ

(ℓ−1)
2,2 hasτℓ−1 = τ̄ℓ−1−ℓ+1 =

∑ℓ
i=1(N−i)−ℓ+1 nonzero

elements, resulting in the time complexity of Householder
update at theℓth iteration ofO((N−ℓ)[

∑ℓ
i=1(N−i)−ℓ+1]).

Furthermore, compared toΛ(ℓ−1), extra non-zeros are intro-
duced to those rows of the sub-matrix

[

(Λ
(ℓ−1)
1,2 )T (Λ

(ℓ−1)
2,2 )T

]T

(corresponding to the lastN− ℓ columns ofΛ(ℓ−1) [see (18)])
whose indices match the linear indices of the non-zeros
ψℓ,j , j = ℓ + 1, . . . , N . Hence, the number of nonzero
elements foreach of the lastN − ℓ columns of Λ(ℓ) is
τ̄ℓ = τ̄ℓ−1 + N − ℓ − 1 =

∑ℓ+1
i=1(N − i), and nnz(Λ(ℓ)) =

(N − ℓ)τ̄ℓ +
∑ℓ

i=1 i = (N − ℓ)
∑ℓ+1
i=1(N − i) +

∑ℓ
i=1 i.

• Summary of time complexity
In summary, we conclude that the overall time complexity

of QR decomposition ofΛ using the Standard Householder
QR algorithm is in the order of

N
∑

ℓ=1

[

(N − ℓ)
(

ℓ
∑

i=1

(N − i)− ℓ+ 1
)

]

∼ O(N4) .

2) Space Complexity:To analyze space complexity, we
focus on the storage ofΛ(ℓ), ℓ = 1, . . . , N , which is the
most dominant source in terms of memory cell usage. Since
nnz(Λ(ℓ)) = (N − ℓ)

∑ℓ+1
i=1(N − i) +

∑ℓ
i=1 i, we conclude

that the space complexity of QR decomposition ofΛ using
the Standard Householder QR algorithm is in the order of

max
1≤ℓ≤N

[

nnz(Λ(ℓ)) = (N − ℓ)

ℓ+1
∑

i=1

(N − i)+

ℓ
∑

i=1

i

]

∼ O(N3) .

3) Summary of Complexity Analysis:In summary, we have
shown that factorizingH by employing the Standard House-
holder QR has time complexityO(N4) and space complexity
O(N3). Therefore, we conclude that the overall time com-
plexity and space complexity for the state and covariance up-
dates through standard Householder QR factorization become
O(N4) andO(N3), an order of magnitude increase than that
of using (9)-(10). This motivates us to develop the Modified
Householder QR algorithm, which is based on the Standard

Householder QR algorithm but explicitly exploits the sparse
structure ofH, to achieve QR decomposition inO(N3) time
complexity andO(N2) space complexity. In the next section,
we describe the main idea behind the Modified Householder
QR algorithm, as well as its complexity analysis.

V. M ODIFIED HOUSEHOLDERQR ALGORITHM

The Modified Householder QR is derived from [26], where
Kaufman proposed an idea that exploits the sparsity of the
original matrix. However, in [26], Kaufman assumes that the
Householder reflection matrices (or equivalently, the House-
holder vectors) are known in advance, which is not the case
in our scenario. We make several modifications to the original
algorithm proposed in [26], and term this new algorithm as
Modified Householder QR. In what follows, we provide a de-
tailed description of the Modified Householder QR algorithm
in Section V-A, and analyze its computational complexity
when applied toH [see (6)] in Section V-B to conclude that
the overall time complexity is reduced fromO(N4) toO(N3),
and the space complexity fromO(N3) to O(N2).

A. Description and Derivation of Modified HouseholderQR

In this section, we present a general description of the Mod-
ified Householder QR and focus on key ideas and derivations
to develop the algorithm. For the purpose of generality, we do
not consider the specific structure ofH. Instead, the sparsity of
H [see (6)] will be exploited in Section V-B when we analyze
the computational complexity.

To facilitate the description and derivation of the Modi-
fied Householder QR algorithm, we adopt the same notation
used in Section IV-B. Furthermore, we usehi andh

(ℓ)
i , i =

1, . . . , nH, to denote theith columns of the original matrix
H and the updated matrixH(ℓ) after theℓth iteration of the
Householder QR is processed, respectively, withmH andnH

representing the number of rows and columns ofH.
As mentioned in Section IV-B, theℓth iteration of the

Householder QR is decomposed into two separated stages, col-
umn pivoting and Householder update. The Modified House-
holder QR algorithm performs column pivotingidentically
to that of the Standard Householder QR, with difference in
the implementation of Householder update. Similar to the
discussion in Section IV-B, due to the minimum computational
overhead associated with column pivoting (see Remark 3), in
the following description of the Modified Householder QR,
we assumeΠℓ = InH

, ℓ = 1, . . . , nH, and focus on the
modifications of the implementation of Householder update.

From (18), we have (under the assumptionΠℓ=InH
, ∀ℓ)

h
(ℓ−1)
j =

( ℓ−1
∏

i=1

(

ImH
− βiviv

T
i

)

)

hj , j = ℓ, . . . , nH. (27)

Henceh(ℓ−1)
j (j = ℓ, . . . , nH) is a linear combination ofhj

and the Householder vectors{vi, i = 1, . . . , ℓ−1}. Addition-
ally, a crucial property of the Householder transformation(see
Remark 2) is(vi)−i = (h

(i−1)
i )−i, i = 1, . . . , ℓ−1, where

(v)−i denotes the vector obtained by removing the firsti

components ofv. Accordingly, (vi)−(ℓ−1) = (h
(i−1)
i )−(ℓ−1)



for 1 ≤ i ≤ ℓ− 1. Hence (h
(ℓ−1)
j )−(ℓ−1) (j = ℓ, . . . , nH)

can be expressed as a linear combination of(hj)−(ℓ−1) and

{(h
(i−1)
i )−(ℓ−1), i = 1, . . . , ℓ−1}. Furthermore, notice that ev-

ery vectorh(i−1)
i , i = 2, . . . , ℓ−1, itself is a linear combination

of hi and the Householder vectors{vη, η = 1, . . . , i−1}, and
recalling (vη)−(ℓ−1) = (h

(η−1)
η )−(ℓ−1) for 1 ≤ η ≤ i−1, hence

(h
(i−1)
i )−(ℓ−1) (i = 2, . . . , ℓ−1) can be expressed as a linear

combination of(hi)−(ℓ−1) and {(h
(η−1)
η )−(ℓ−1), η = 1, . . . , i−

1}. In addition,h(0)
1 = h1 by definition (thus,(h(0)

1 )−(ℓ−1) =
(h1)−(ℓ−1)). Therefore, we conclude byrecursionthat each vec-

tor (h(ℓ−1)
j )−(ℓ−1), j = ℓ, . . . , nH, can be expressed as alinear

combinationof (hj)−(ℓ−1) and{(hi)−(ℓ−1), i = 1, . . . , ℓ−1}:

(h
(ℓ−1)
j )−(ℓ−1) = (hj)−(ℓ−1) −

ℓ−1
∑

i=1

(hi)−(ℓ−1) γ
(ℓ−1)
i,j , (28)

where the coefficientsγ(ℓ−1)i,j ; i = 1, . . . , ℓ − 1, j = ℓ, . . . , nH,
need to be sought at each iteration. In what follows, we will
provide a formula [see (39)] that updatesγ(ℓ−1)i,j recursively.

Notice that the matrixH(ℓ−1)
2,2 [see (18)] comprises all the

column vectors(h(ℓ−1)
j )−(ℓ−1), j = ℓ, . . . , nH. Hence, (28) can

be summarized into a compact matrix form

H
(ℓ−1)
2,2 = H−(ℓ−1)

[

Γ(ℓ−1)

InH−ℓ+1

]

, (29)

whereH−(ℓ−1) = [(h1)−(ℓ−1) . . . (hnH
)−(ℓ−1)] is the sub-matrix

of H resulting by removing its firstℓ− 1 rows. The(ℓ− 1)×

(nH− ℓ+1) matrixΓ(ℓ−1) = [γ
(ℓ−1)
i,j ] is termed the coefficient

matrix. In order to facilitate the presentation of the ensuing
derivations,Γ(ℓ−1) is written as[γ(ℓ−1)

ℓ Γ
(ℓ−1)

], whereγ(ℓ−1)
ℓ

is the first column ofΓ(ℓ−1).

In contrast to the original vector(hj)−(ℓ−1), j = ℓ, . . . , nH,
which has at mostO(N) non-zero elements (see Remark 1),
by following the analysis conducted onΛ in Section IV-C, it
can be shown that the vector(h(ℓ−1)

j )−(ℓ−1), j = ℓ, . . . , nH,
obtained after the(ℓ − 1)th iteration of the Householder
QR is processed, hasnnz((h(ℓ−1)

j )−(ℓ−1)) ∼ O(ℓN − ℓ2

2 ),
which results inO(N4) time complexity andO(N3) space
complexity when employing the Standard Householder QR
algorithm (see Section IV-C). In order to preserve the original
sparsity ofH, and at the same time reduce the memory usage,
our modification to the Standard Householder QR is that the
explicit formof H(ℓ−1)

2,2 [see (29)] (or equivalently, the explicit

form of the vectors(h(ℓ−1)
j )−(ℓ−1), j = ℓ, . . . , nH [see (28)])

is not calculated. Instead,H(ℓ−1)
2,2 is stored and represented

implicitly by the coefficient matrixΓ(ℓ−1) [see (29)].

Next, we address two key issues in the Modified House-
holder QR. Firstly, computing the matricesH(ℓ)

1,1, H(ℓ)
1,2 in (20);

Secondly, deriving the recursive rule for obtainingΓ(ℓ) from
Γ(ℓ−1). Equivalently, we seek the expression ofΓ(ℓ) such that

H
(ℓ)
2,2 = H−ℓ

[

Γ(ℓ)

InH−ℓ

]

, (30)

whereH−ℓ = [(h1)−ℓ . . . (hnH
)−ℓ] is the sub-matrix ofH

resulting after removing its firstℓ rows.

To proceed, we first note that the vectoru = (h
(ℓ−1)
ℓ )−(ℓ−1),

i.e., the first column ofH(ℓ−1)
2,2 , plays an important role in

generating the Householder vector and the subsequent process.
Hence, weexplicitly computeu using (29),

u = (h
(ℓ−1)
ℓ )−(ℓ−1) = (hℓ)−(ℓ−1) +H1

−(ℓ−1) γ
(ℓ−1)
ℓ , (31)

whereH1
−(ℓ−1) = [(h1)−(ℓ−1) . . . (hℓ−1)−(ℓ−1)] consists of the

first ℓ−1 columns ofH−(ℓ−1). Note that weexplicitly compute

only the vectoru = (h
(ℓ−1)
ℓ )−(ℓ−1), the first column ofH(ℓ−1)

2,2 ,

while the remaining columns(h(ℓ−1)
j )−(ℓ−1), j = ℓ+1, . . . , nH,

are not explicitly computed. Instead, they are represented
implicitly by Γ

(ℓ−1)
.

Once theexplicit form of u, computed by (31), is known,
and c∗ is retrieved from column pivoting, the Householder
vectorvℓ (or equivalentlyv), as well asβℓ andrℓ, are readily
available through (19) and (21). Notice that computingv from
u only requires updating the first element ofu [see Remark 2].

Now we are ready to present the recursive formulas for
computingH(ℓ)

1,1, H(ℓ)
1,2, andΓ(ℓ).

1) ComputingH(ℓ)
1,1: Notice that the termsH(ℓ−1)

1,1 as well
as t are already available after the(ℓ − 1)th iteration of the
Householder QR. Hence the only unknown inH(ℓ)

1,1 [see (20)]
is the scalarrℓ, which can be calculated fromc∗ andu1 in a
fixed number of arithmetic operations [see (21)].

2) Computing H
(ℓ)
1,2: Since H

(ℓ−1)

1,2 is known after the

(ℓ − 1)th iteration of the Householder QR, updatingH(ℓ)
1,2 is

equivalent to calculating the vectors from (22), which requires
s̄ andδ = βℓ

(

H
(ℓ−1)

2,2

)T
v. Remember that we do not have the

explicit forms of s̄ andH
(ℓ−1)

2,2 . However, using the fact that

s̄T corresponds to the first row ofH
(ℓ−1)

2,2 and based on (29),

we can rewriteH
(ℓ−1)

2,2 and s̄ as follows

H
(ℓ−1)

2,2 = H2
−(ℓ−1) +H1

−(ℓ−1) Γ
(ℓ−1)

; (32)

s̄ = ρ2 +
(

Γ
(ℓ−1))T

ρ1 ; (33)

whereH2
−(ℓ−1) = [(hℓ+1)−(ℓ−1) . . . (hnH

)−(ℓ−1)] comprises the
last nH − ℓ columns ofH−(ℓ−1), and ρT

1 and ρT
2 are the

first rows ofH1
−(ℓ−1) andH2

−(ℓ−1), respectively. From (32), we
compute the vector

δ = βℓ
(

H
(ℓ−1)

2,2

)T
v = δ2 +

(

Γ
(ℓ−1))T

δ1 , (34)

whereδ1 = βℓ
(

H1
−(ℓ−1)

)T
v andδ2 = βℓ

(

H2
−(ℓ−1)

)T
v.

Substituting (33) and (34) in (22), we arrive at the following
update equation fors (or equivalently,H(ℓ)

1,2):

s =
[

ρ2 − v1δ2

]

+
(

Γ
(ℓ−1))T[

ρ1 − v1δ1
]

. (35)

3) ComputingΓ(ℓ): To determineΓ(ℓ), we begin with (30)
and (23). Recall that we do not have theexplicit expression
of H(ℓ−1)

2,2 . However, sinceH(ℓ−1)
2,2 corresponds toH

(ℓ−1)

2,2 with
the first row removed, we obtain [from (32)],

H
(ℓ−1)
2,2 = H2

−ℓ +H1
−ℓ Γ

(ℓ−1)
, (36)

where H1
−ℓ = [(h1)−ℓ . . . (hℓ−1)−ℓ] and H2

−ℓ =
[(hℓ+1)−ℓ . . . (hnH

)−ℓ].



Next we explore the propertyv−1 = u−1 [see Remark 2].
In particular, based on (31), we have

v−1 = u−1 = (hℓ)−ℓ +H1
−ℓγ

(ℓ−1)
ℓ . (37)

Finally, we substitute (36), (37), and (34) into (23), and
notice thatH−ℓ = [H1

−ℓ (hℓ)−ℓ H2
−ℓ], to arrive at

H
(ℓ)
2,2 = H1

−ℓ

(

Γ
(ℓ−1)

− γ
(ℓ−1)
ℓ δT

)

− (hℓ)−ℓ δ
T +H2

−ℓ

= H−ℓ







Γ
(ℓ−1)

− γ
(ℓ−1)
ℓ δT

−δT

InH−ℓ






. (38)

Comparing (38) and (30), we immediately obtain the expres-
sion of theℓ× (nH − ℓ) matrix Γ(ℓ):

Γ(ℓ) =

[

Γ
(ℓ−1)

− γ
(ℓ−1)
ℓ δT

−δT

]

. (39)

Note that the upper part ofΓ(ℓ) is a rank-one modification

of the existing matrix Γ
(ℓ−1)

, which has a relatively low
time complexity. Furthermore, (39)affirms that every vector
(h

(ℓ)
j )−ℓ, j = ℓ+1, . . . , nH, is a linear combination of(hj)−ℓ

and{(hi)−ℓ, i = 1, . . . , ℓ}.
In summary, we outline the algorithmic flow chart of

Modified Householder QR in Algorithm 2. Note that column
pivoting implemented by the Modified Householder QR is
identical to that of the Standard Householder QR algorithm.

Algorithm 2 Modified Householder QR

Require: H(0) = H of dimensionsmH × nH (mH ≥ nH).
Ensure: RH andΠH of dimensionsnH × nH.

1: for i = 1 to nH, do
2: Initialize πi = i, and computeci, the squared norm of

the ith column ofH(0)
2,2 = H(0). Additionally, initialize

Γ(0) as an empty matrix.
3: end for
4: Set ℓ = 1, determineℓ∗ = argmaxj{cj, j = ℓ, . . . , nH}

andc∗=cℓ∗ .
5: while c∗ > ǫ do
6: Swap theℓth andℓ∗th columns ofH(ℓ−1), as well as

the1st and(ℓ∗− ℓ+1)th columns ofΓ(ℓ−1), exchange
cℓ andcℓ∗ , and then interchangeπℓ with πℓ∗ .

7: Calculateu from (31).
8: Computev, βℓ, rℓ and update the sub-matrixH(ℓ)

1,1.
9: Determineδ1, δ2, andδ using (34).

10: Calculates = [s1 . . . snH−ℓ]
T from (35) and update

the sub-matrixH(ℓ)
1,2.

11: UpdateΓ(ℓ) based on (39).
12: for j = ℓ+ 1 to nH, do
13: Modify cj ⇐ cj − s2j−ℓ.
14: end for
15: Seekℓ∗ = argmaxj{cj, j = ℓ + 1, . . . , nH} and c∗ =

cℓ∗ , and thenℓ⇐ ℓ+ 1.
16: end while
17: return ΠH=[eπ1

. . . eπnH
], andRH selected as the first

nH rows ofH(l), l being the total number of iterations.

B. Computational Complexity Analysis

In Section V-A, we provide a general description of the
Modified Householder QR algorithm which isapplicable to
decompose arbitrary matrix. In this section, we apply the
Modified Householder QR to perform QR factorization onH

[see (6)], and analyze the overall computational complexity by
taking into account the sparse structure ofH.

Since the Modified Householder QR only differs from the
Standard Householder QR algorithm in the implementation
of Householder update, while column pivoting is performed
identically by both algorithms, we conclude that the com-
putational overhead associated with column pivoting in the
Modified Householder QR has the time complexity ofO(N2)
and the space complexity ofO(N). Therefore, in what fol-
lows, we analyze the computational complexity associated
with Householder update in the Modified Householder QR,
which corresponds to Lines 7-11 in Algorithm 2. We start
by analyzing the time complexity, followed by the space
complexity.

1) Time Complexity:In this section, we briefly analyze the
time complexity associated with Householder update when ap-
plying the Modified Householder QR algorithm to decompose
H. We claim that the worst-case time complexity isO(N3).
To prove it, we will identify the number of flops forevery
line between Lines 7-11 in Algorithm 2, and show that the
total number of arithmetic operations required per iteration of
the Modified Householder QR is bounded above byO(N2).
Since the maximum number of iterations isnH = 3N , the
overall time complexity associated with Householder update
is O(N3).
• Computational cost of Line 7:
Recall thatnnz(hj) ∼ O(N), j = 1, . . . , 3N [see Re-

mark 1], hencennz((hi)−(ℓ−1)) ∼ O(N), i = 1, . . . , ℓ. Thus,
computingu from (31) requiresO(ℓN) operations. Therefore,
the cost of performing Line 7 is bounded above byO(N2).
• Computational cost of Line 8:
Onceu becomes available from Line 7, as well asc∗ =

uTu retrieved from column pivoting, determining the scalars
βℓ and rℓ invokes constant number of arithmetic operations.
Furthermore, updatingv fromu only requires the modification
of the1st element ofu, which can be achieved inO(1) process
time. In summary, the cost of performing Line 8 is ofO(1).
• Computational cost of Line 9:
Since each column ofH1

−(ℓ−1) andH2
−(ℓ−1) hasO(N) non-

zeros, which is attained by preserving the original sparse
structure ofH, computingδ1 and δ2 has a cost ofO(N2),
regardless of the structure ofv. Additionally, calculatingδ
from δ1 andδ2 has a cost ofO(ℓN), since (34) involves an
(nH − ℓ)× (ℓ− 1) matrix multiplied by an(ℓ− 1)× 1 vector
and a vector-vector addition of dimensionnH−ℓ. In summary,
the cost of performing Line 9 is ofO(N2).
• Computational cost of Line 10:
Since (35) involves a(ℓ − 1) × 1 vector multiplying with

an (nH − ℓ)× (ℓ− 1) matrix and a vector-vector addition of
dimension(nH − ℓ), the overall cost of performing Line 10
is bounded above byO(N2).
• Computational cost of Line 11:



In (39), the vectorδ [see (34)] is available from Line 9 and
does not need to be recomputed. Hence, we only need to focus
on the upper part of (39), which is arank-one updateof the
existing matrixΓ

(ℓ−1)
. Since the vectorsγ(ℓ−1)

ℓ and δ are of
dimensions(ℓ − 1) and (nH − ℓ), respectively, we conclude
that the overall cost of performing Line 11 is ofO(ℓN), which
is bounded above byO(N2).

In summary, we have shown that the number of arithmetic
operations required per iteration of Householder update inthe
Modified Householder QR algorithm is bounded above by
O(N2). Therefore the worst-case time complexity of applying
the Modified Householder QR algorithm onH is O(N3).

2) Space Complexity:To address space complexity, we
focus on the memory requirement forH, u, and Γ(ℓ), ℓ =
1, . . . , nH, which are the most dominant sources in terms of
memory cell usage. Recall from Remark 1nnz(H) ∼ O(N2).
In addition, notice that the dimension ofu is at mostmH ∼
O(N2). On the other hand, since the dimensions ofΓ(ℓ) are
ℓ× (nH− ℓ), thusmax{nnz(Γ(ℓ)); ℓ = 1, . . . , nH} ∼ O(N2).
Therefore, we conclude that the space complexity of QR
decomposition ofH using the Modified Householder QR
algorithm is in the order ofO(N2).

3) Summary of Complexity Analysis:In summary, we have
shown that factorizingH by employing the Modified House-
holder QR algorithm has time complexity ofO(N3) and
space complexity ofO(N2). Therefore, we conclude that the
overall time complexity and space complexity for the state
and covariance updates through the Modified Householder
QR factorization areO(N3) andO(N2), respectively, which
hasone order of magnitude decreasethan that of using the
Standard Householder QR. Additionally, it achieves the same
computational complexity as of using (9)-(10).

Furthermore, we would like to point out that the Modi-
fied Householder QR algorithm is applicable to any sparse
matrix H of sparsity pattern other than that of the mea-
surement Jacobian matrix [see (6)]. In particular, suppose
that the dimensions ofH arem × n (m ≥ n), and denote
τ = max(nnz(h1), . . . , nnz(hn)). Following the analysis
conducted in Sections V-B1 and V-B2, it can be shown that
the space complexity of the Modified Householder QR algo-
rithm is ofO(max{min{τn,m}, n2}), and its associated time
complexity is ofO(max{τn2, n3}), in contrast toO(mn2) of
the Standard Householder QR algorithm [24].

VI. SIMULATION RESULTS

In the previous section, we have shown that the worst-case
time complexity and space complexity of the Modified House-
holder QR algorithm, when applied to the sparse measurement
Jacobian matrixH in CL [see (6)], is ofO(N3) andO(N2),
respectively. In order to corroborate our theoretical analysis,
we have evaluated the running time required by the Modified
Householder QR algorithm for a team ofN robots performing
CL. Specifically, we randomly generated the robots’ poses and
assumed that each robot is able to detect, identify, and measure
both relative distance and bearing to the remainingN − 1
robots. Hence,H has dimensions2(N − 1)N × 3N .

We have examined the scalability of our algorithm by
varying N from 6 to 1001, and for every value ofN , we

TABLE I
CPURUNTIME (SEC)

N SS-QR MH-QR

6 7.5378× 10−5 4.9683× 10−5

11 2.0238× 10−4 2.1658× 10−4

16 6.3311× 10−4 6.4813× 10−4

21 1.3985× 10−3 1.4737× 10−3

26 2.8506× 10−3 2.8315× 10−3

51 2.8017× 10−2 2.2363× 10−2

76 1.1370× 10−1 7.5767× 10−2

101 3.2935× 10−1 1.8164× 10−1

151 1.4685× 100 6.3158× 10−1

201 4.3048× 100 1.5436× 100

251 9.9297× 100 3.5646× 100

301 1.9804× 101 6.7462× 100

351 3.6083× 101 1.1572× 101

401 5.7972× 101 1.8523× 101

451 1.9673× 102 2.7400× 101

501 1.5869× 103 3.8437× 101

551 N/A 5.3501× 101

601 N/A 7.0800× 101

651 N/A 9.3076× 101

701 N/A 1.1808× 102

751 N/A 1.4926× 102

801 N/A 1.8626× 102

851 N/A 2.2381× 102

901 N/A 2.6653× 102

951 N/A 3.1863× 102

1001 N/A 3.7570× 102

have conducted 120 simulations. We count the CPU running
time for a complete QR decomposition [see (11)] when
employing the Modified Householder QR algorithm (MH-QR).
The average running times are summarized in Table II, as well
as in Figure 1. Furthermore, we compared our results with
the CPU running time when employing SuiteSparseQR (SS-
QR) [27], [28], the current state-of-the-art QR decomposition
package for sparse matrices, which is an implementation of the
multi-frontal sparseQR factorizationalgorithm. In addition,
SuiteSparseQR has been integrated into MATLABr (version
7.9 and later), and can be invoked through MATLAB built-in
function “qr” [29]. All simulations were run under MATLAB
7.12 on a Linux (kernel 2.6.32) desktop computer with a 2.66
GHz Intel Core-i5 Quadcore CPU and 4 GB of RAM.

The results presented in Table I and Figure 1 illustrate that
when the number of robots is small (N ≤ 26), both SS-QR and
MH-QR achieve indistinguishable performances, with SS-QR
slightly faster as compared to MH-QR. However, asN in-
creases (N ≥ 26), MH-QR significantly outperforms SS-QR.
Additionally, we were unable to perform QR decomposition
using SS-QR whenN ≥ 501, due to memory shortage. On
the other hand, MH-QR is applicable even when the number
of robots increases to 1001, and it successfully performs QR
factorization onH, whose dimensions are 2 million by 3
thousand, in about 375 seconds. Additionally, after performing
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linear regression on thelogarithmof the CPU running time and
the number of robotsN , we have determined that the logarithm
of the average time required by each of these algorithms is

log(tSS-QR) = 3.6067× log(N)− 17.2798

log(tMH-QR) = 3.1802× log(N)− 16.1481 . (40)

Both Figure 1 and (40) confirm that the time complexity of
MH-QR is cubic in N . Finally, we should note that the main
reason for the linear coefficient in (40) (i.e.,3.1802) deviating
from its ideal value3 is because asN increases, a significant
portion of CPU resources is devoted to memory accessing,
reading, and writing. One of our future research directionsis
to optimize the implementation of MH-QR and improve its
performance in terms of CPU running time.

Furthermore, we have examined the accuracy of MH-QR.
In particular, we computed the Frobenius norm ofHTH −
RT

HRH, which is 0 in the ideal case. We have compared the
Frobenius norms of SS-QR and MH-QR, averaged over 120
simulations for eachN . As evident from Table II and Figure 2,

TABLE II
∥

∥H
T
H−R

T

H
RH

∥

∥

F

N SS-QR MH-QR

6 1.1529× 10−12 7.0749× 10−13

11 7.1060× 10−12 3.1729× 10−12

16 2.0568× 10−11 8.4163× 10−12

21 1.0719× 10−10 4.0289× 10−11

26 1.7801× 10−10 5.8771× 10−11

51 1.3050× 10−9 2.9588× 10−10

76 4.9221× 10−9 7.9515× 10−10

101 1.9087× 10−8 2.6235× 10−9

151 1.1631× 10−7 1.2418× 10−8

201 6.1207× 10−7 4.7511× 10−8

251 8.0832× 10−7 6.0513× 10−8

301 1.0625× 10−6 4.2499× 10−8

351 3.7326× 10−6 9.3947× 10−8

401 9.3274× 10−6 3.0049× 10−7

451 2.6734× 10−5 6.4118× 10−7

501 1.7036× 10−5 3.7327× 10−7

551 N/A 5.2642× 10−7

601 N/A 1.4607× 10−6

651 N/A 9.4386× 10−7

701 N/A 2.4464× 10−6

751 N/A 4.3013× 10−6

801 N/A 1.0321× 10−6

851 N/A 2.9335× 10−6

901 N/A 4.2254× 10−6

951 N/A 4.8307× 10−6

1001 N/A 5.1291× 10−6

MH-QR attains higher numerical accuracy than SS-QR, which
is attributed to column pivoting implemented in MH-QR.

VII. E XPERIMENTAL RESULTS

We further validate the performance of our proposed Mod-
ified Householder QR algorithm through experiments. Our
experimental setup is shown in Figure 3(a), where a team of
four Pioneer II robots are deployed in a rectangular region
of size approximately4.5 m × 2.5 m. A calibrated overhead
camera is employed to provide ground truth for evaluating the
estimator’s performance. For this purpose, rectangular boards
with specific patterns (see Figure 3(a)) are mounted on top of
the Pioneers, and the pose (position and orientation) of each
robot, with respect to a global frame of reference, is computed
from the captured images. These measurements are corrupted
by zero-mean noise with standard deviation of0.0087 rad for
orientation and0.01 m along each axis for position. The real
trajectories of four robots are shown in Figure 3(b). For the
sake of clarity, only partial trajectories, correspondingto the
first 200 time steps, are plotted in Figure 3(b).

In the experiment, each robot moves at approximately
constant speed of0.1 m/sec, while avoiding collisions between
each other and the boundary of the rectangular arena. The
robots record linear and acceleration velocities at a frequency
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Fig. 3. [Experimental setup] (a) Four Pioneer robots perform CL in a rectangular region of size approximately4.5 m × 2.5 m, each with a pattern board
attached on its top. (b) Real trajectories of four robots. For clarity, only partial trajectories, corresponding to thefirst 200 time steps, are plotted. The robots’
starting points are marked by◦.

of 1 Hz. These odometry measurements are corrupted by zero-
mean process noise. Due to manufacture imperfections, the
accuracy of the odometry measurements isnot identicalfor all
four robots. In particular, the noise in the rotational velocity
measurements follows Gaussian distribution with standard
deviation of 0.0239 rad/sec,0.095 rad/sec,0.0121 rad/sec,
0.094 rad/sec for robots1, 2, 3, 4 respectively. Similarly, the
linear velocity measurement noise is well modeled as Gaussian
noise with standard deviation of0.0037 m/sec,0.0063 m/sec,
0.0027 m/sec,0.0035 m/sec for robots1, 2, 3, 4, respectively.
The experimental data from robots’ sensors is collected and
processed off-line.

We consider the scenario where each robot can measure
both relative distance and bearing to the remaining three
robots, resulting in the measurement Jacobian matrixH of
dimensions24×12 at every time step. These relative observa-
tions are generated synthetically by adding noise to the relative
distance and bearing calculated from the robots’ pose estimates
using the overhead camera. In our experiment, the standard
deviations of the relative distance and bearing measurement
noise are set toσd = 0.05 m andσθ = 0.035 rad, respectively.

The duration of the experiment is 1000 sec (i.e., 1000 time
steps). At every time step, the state estimate and its associated
covariance are updated based upon (12) and (13), with QR
decomposition ofH [see (11)] implemented by using the
Modified Householder QR algorithm.

Figures 4(a)–4(d) depict the time evolutions of the robots’
pose estimation errors and corresponding3σ-bounds alongx,
y, andφ-axis, respectively. As evident from Figures 4(a)–4(d),
the EKF based on the Modified Householder QR algorithm
performs well in a real-world CL experiment. Furthermore,
the EKF produces consistent pose estimates for all four robots,
i.e., the real robots’ poses is within the 3σ bound centered at
the robots’ estimated pose.

Finally, we plot the real and estimated trajectories of the
robots in Figures 5(a)–5(d), while Table III shows the averaged
root-mean-square (RMS) errors of the robots’ position and

TABLE III
RMS ERROR IN THE ROBOTS’ POSE ESTIMATES

Position Err. RMS (m) Orient. Err. RMS (rad)

R1 0.2085 0.0801
R2 0.2250 0.0775
R3 0.2255 0.0811
R4 0.2224 0.0795

orientation. From these experimental results it is clear that
the EKF based on the Modified Householder QR algorithm is
robust and applicable to real systems.

VIII. C ONCLUSION

In this paper, we have developed an efficient algorithm for
QR decomposition of sparse matrices, namely the Modified
Householder QR. The proposed algorithm has been success-
fully applied to 2-D multi-robot CL. In particular, we have
shown that the overall computational complexity per EKF
update using QR factorization, when implemented using the
Modified Householder QR algorithm, is ofO(N3) in time
complexity andO(N2) in space complexity, i.e., at least one
order of magnitude reduction as compared to the standard
EKF update process. Simulation results demonstrate that for
large number of robots, the Modified Householder QR algo-
rithm attains higher accuracy and significantly outperforms
SuiteSparseQR, the current state-of-the-art QR decomposition
algorithm of sparse matrices, in terms of CPU runtime. Fur-
thermore, we performed experiments using a team of four
mobile robots that demonstrate the applicability of the EKF
update using the Modified Householder QR to real systems.

In our future work, we plan to extend our current approach
and apply it to CL in 3-D. Finally, we intend to investigate
distributed and decentralized implementations of the Modified
Householder QR algorithm to ensure that the overall com-
putational load is evenly shared among every robot in the
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Fig. 4. [Experimental results] Pose estimation errors and corresponding3σ-bounds for (a) Robot 1, (b) Robot 2, (c) Robot 3, and (d) Robot4.

team [16], as well as to account for limitations on the robots’
communication bandwidth and range [14], [30].

APPENDIX A
COMPUTATIONAL COMPLEXITY OF INFORMATION FILTER

We show that due to the sparse structure ofHk [see (6)],
computingHT

kHk andPk|kHT
k z̃k|k−1 requiresO(N2) basic

steps. To proceed, let us first partitionHk =
[

Hk1 . . . HkN

]

,
whereHki is a 2(N − 1)N × 3 sub-matrix consisting of the
(3i − 2)th, (3i − 1)th, and 3ith columns ofHk, for i =
1, . . . , N . Following this partition,HT

kHk =
[

HT
ki
Hkj

]

i,j
,

whereHT
ki
Hkj (i, j = 1, . . . , N ) are3× 3 block matrices.

Next we observe that the sparse structure ofHk implies
that (for 1 ≤ i 6= j ≤ N )

HT
kiHki =

N
∑

j=1, j 6=i

(

(Ψi,j
k )TΨi,j

k + (Υj,i
k )TΥj,i

k

)

, (41)

HT
kiHkj = (Ψi,j

k )TΥi,j
k + (Υj,i

k )TΨj,i
k . (42)

Since the right-hand-side (RHS) of (41)-(42) involves multi-
plications and additions of matrices (Ψ

i,j
k ,Υ

i,j
k ,Ψj,i

k ,Υ
j,i
k ) of

constantdimensions2 × 3 [see (4)-(5)], the time complexity

for calculating each term of (41) and (42) areO(N) and
O(1), respectively. Therefore the overall time complexity for
evaluatingHT

kHk is quadratic inN .
Similarly, it can be shown that calculatingPk|kHT

k z̃k|k−1

has time complexityO(N2). To proceed, we first compute
the3N dimensional vector̃y = HT

k z̃k|k−1. Notice that thejth
element of̃y, ỹj, is theinner productof the vector̃zk|k−1 and
the jth column ofHk. Recall that each column ofHk has at
most4(N−1) nonzero elements (see Remark 1), therefore the
processing requirement of computingỹj has time complexity
O(N), despite the2(N − 1)N dimensional vector̃zk|k−1.
Thus, the time complexity of calculating̃y is O(N2). Next,
we computePk|kỹ, a matrix (of dimensions3N × 3N ) and
vector (of dimension3N ) multiplication, with O(N2) basic
operations. Hence, the overall time complexity of computing
Pk|kH

T
k z̃k|k−1 is again quadratic inN .

APPENDIX B
COMPUTATIONAL COMPLEXITY OF ALTERNATIVE QR

DECOMPOSITIONALGORITHMS

In this appendix, we analyze the computational complexity
of QR decomposition ofΛ [see (24)] by employing (1)
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Fig. 5. [Experimental results] Real and estimated trajectories of (a) Robot 1, (b) Robot 2, (c) Robot 3, and (d) Robot 4, when employing the EKF based
on the Modified Householder QR algorithm.

the Cholesky decomposition, (2) the modified Gram-Schmidt
process, and (3) the Givens rotations [24, Section 5.2]. Similar
to the discussion in Section IV-C, we assumeΠℓ= InΛ

, ℓ =
1, . . . , nΛ, for simplicity. Furthermore, we suppose the QR
decomposition ofΛ takes the formΛ = QΛRΛ, whereQΛ

is orthonormal andRΛ is upper triangular.

A. Cholesky Decomposition [24, Section 4.2.3]

Since the columns ofQΛ are orthonormal, we haveΛTΛ =
RT

ΛRΛ. Therefore, we can apply a Cholesky decomposition
of ΛTΛ to compute the upper triangular matrixRΛ.

Analogy to the analysis shown in Section III-C, the process
of evaluatingΛTΛ is only quadratic inN due to the sparse
structure ofΛ. In addition, since Cholesky decomposition of a
square matrix of dimensionn requiresO(n3) operations [24,
Section 4.2.3], we conclude that the time complexity of QR
factorization ofΛ using Cholesky decomposition isO(N3)
(note thatQΛ is not computed when using Cholesky decom-
position). On the other hand, sincennz(Λ) ∼ O(N2) and
both matricesΛTΛ andRΛ are of dimensionsN × N , the
space complexity isO(N2).

Although QR factorization ofΛ using Cholesky decomposi-
tion can achieve desired computational complexity, it has two
drawbacks. Firstly, the matrix productΛTΛ squares the condi-
tion number ofΛ, i.e.,κ(ΛTΛ) = κ2(Λ), which can introduce
numerical instability to Cholesky decomposition algorithm.
Secondly, to use Cholesky decomposition, the matrix product
ΛTΛ is requiredto bestrictly positive definite. Unfortunately,
in our caseH is rank-deficient, renderingHTH positive semi-
definite. Hence, Cholesky decomposition isnot applicable for
QR factorization ofH addressed in this paper.

B. Modified Gram-Schmidt [24, Section 5.2.8]

For clarity, we useλi andqi to denote theith columns of
Λ andQΛ, respectively. Furthermore, we useri,j to denote
the (i, j)th element ofRΛ. For the purpose of complexity
analysis, we outline the algorithmic flow chart of the Modified
Gram-Schmidt process in Algorithm 3.

From Algorithm 3, it is clear that the vectorqℓ is a
linear combination ofλℓ and {qj , j = 1, . . . , ℓ − 1}. Since
every qj , j = 2, . . . , ℓ − 1, can be expressed as a linear
combination ofλj and {qi, i = 1, . . . , j − 1}, and q1 is a



Algorithm 3 Modified Gram-Schmidt [24, Algorithm 5.2.5]
Require: Λ of dimensionsmΛ × nΛ (mΛ ≥ nΛ).
Ensure: RΛ of dimensionsnΛ × nΛ.

1: for ℓ = 1 to n, do
2: Set q̄ = λℓ.
3: for j = 1 to ℓ− 1, do
4: Computerj,ℓ = qT

j q̄.
5: Updateq̄ ⇐ q̄− rj,ℓqj .
6: end for
7: Calculaterℓ,ℓ = ‖q̄‖2.
8: if rℓ,ℓ = 0, then
9: STOP.

10: else
11: qℓ = q̄/rℓ,ℓ.
12: end if
13: end for
14: return RΛ.

scalar multiplication ofλ1, we conclude by recursion that
the vectorqℓ is a linear combination of{λj , j = 1, . . . , ℓ}.
Exploiting the structure ofλj (j = 1, . . . , ℓ), we have
nnz(qℓ) =

∑ℓ
j=1(N−j) for ℓ = 1, . . . , N . Hence, updatinḡq

at thejth iteration inside the inner “for-loop” (see Algorithm 3,
Line 5), which is the most dominant computational process,
requires approximately

∑j
i=1(N − i) steps. Therefore, the

overall time complexity of QR decomposition ofΛ using the
Modified Gram-Schmidt QR algorithm is in the order of

N
∑

ℓ=1

{ ℓ−1
∑

j=1

[

j
∑

i=1

(N − i)
]

}

∼ O(N4) .

Furthermore, for space complexity, we focus on the storage
of {qℓ, ℓ = 1, . . . , nΛ}, which is the most demanding source
in terms of memory usage. Sincennz(qℓ) =

∑ℓ
j=1(N − j),

we conclude that the space complexity is in the order of

N
∑

ℓ=1

[ ℓ
∑

j=1

(N − j)

]

∼ O(N3) .

An alternative method to the Modified Gram-Schmidt QR
algorithm is to apply the Classical Gram-Schmidt process [24,
Section 5.2.7]. However, the Classical Gram-Schmidt process
only differs from the Modified Gram-Schmidt in the formula
of computingrj,ℓ, while the update of̄q is exactly the same
for both methods. Hence, we conclude that the computational
complexity of QR decomposition ofΛ using the Classical
Gram-Schmidt is exactly the same as that of the Modified
Gram-Schmidt. Furthermore, the Classical Gram-Schmidt suf-
fers from numerical instability in practice [24, Section 5.2.8].

C. Givens QR [24, Section 5.2.3]

The Givens QR algorithm is one of the most widely adopted
technique for implementing QR factorization [24, Section
5.2.3]. To understand the Givens QR algorithm, we firstly

introduce Givens rotationGφ =

[

cosφ − sinφ
sinφ cosφ

]

, a 2-D

rotational matrix. Given a2 × 1 vector x = [x1 x2]
T with

x2 6= 0, by selectingφ = arctan(−x2/x1), it is straightfor-
ward to verifyGφx = [‖x‖2 0]T [24, Section 5.1.8]. In other
words, left-multiplyingx by Gφ eliminatesx2. The essence
of the Givens QR is to successively invoke Givens rotations to
transform a matrix into upper triangular form by eliminating
non-zeros below its diagonal [24, Algorithm 5.2.2].

The time complexity of the Givens QR process for decom-
posing an arbitrary matrixΛ is in the order ofmΛn

2
Λ, where

mΛ andnΛ are the number of rows and columns ofΛ, re-
spectively [24, Section 5.2.3]. ForΛ addressed here [see (24)],
substitutingmΛ = (N − 1)N/2 and nΛ = N results in
the time complexityO(N4). However, this does not take into
account of the structure ofΛ, and it is natural to conjecture
that the overall time complexity using the Givens QR can be
reduced by exploiting the sparsity ofΛ. Unfortunately, this
conjecture is false. In what follows, we examine both time
complexity and space complexity of applying the Givens QR
algorithm to decomposeΛ in (24). For clarity, we useλi,j to
denote the(i, j)th element ofΛ. Furthermore, we partitionΛ
by rows intoΛ = [ΛT

1 . . . ΛT
N−1]

T, where the rows of the
sub-matrixΛi correspond to the(Ji−1+1)th throughJith rows
of Λ, with J0 = 0 andJi = Ji−1 + (N − i) =

∑i
j=1(N − j)

for i = 1, . . . , N − 1. To facilitate the discussion, we provide
the pseudo-code of the Givens QR in Algorithm 4. It is worth
noting that each Givens rotation effects only two rows ofΛ

(see Algorithm 4, Lines 5-9), whereas the processing cost of
Line 7 is constant (4 multiplications and 2 additions).

Algorithm 4 Givens QR [24, Algorithm 5.2.2]
Require: Λ of dimensionsmΛ × nΛ (mΛ ≥ nΛ).
Ensure: RΛ of dimensionsnΛ × nΛ.

1: for ℓ = 1 to nΛ, do
2: Set i0 = ℓ, and seek all indices{i1, . . . , i̥ℓ

} such that
i0<i1< · · ·<i̥ℓ

≤mΛ andλiη ,ℓ 6= 0, ∀η = 1, . . . ,̥ℓ.
3: for η = ̥ℓ to 1, do
4: Computeφ = arctan

(

−
λiη,ℓ

λiη−1,ℓ

)

, updateλiη−1,ℓ ⇐

(λ2iη−1,ℓ
+ λ2iη ,ℓ)

1/2, λiη ,ℓ ⇐ 0.
5: for j = ℓ+ 1 to nΛ, do
6: if [λiη−1,j λiη ,j]

T 6= 02×1, then

7:

[

λiη−1,j

λiη ,j

]

⇐ Gφ

[

λiη−1,j

λiη ,j

]

8: end if
9: end for

10: end for
11: end for
12: return RΛ, the firstnΛ rows ofΛ.

At the 1st iteration (i.e.,ℓ = 1), a sequence ofN − 2
Givens rotations is applied toΛ (more specifically,Λ1)
so that its first column has zeros below the1st com-
ponent. In particular, the1st Givens rotationGφ1 with
φ1 = arctan

(

− ψ1,N

ψ1,N−1

)

eliminatesψ1,N , while introduc-
ing 2 nonzero fillings λN−1,N−1, λN−2,N to Λ1. Simi-
lar in spirit, after the 2nd Givens rotationGφ2 [φ2 =

arctan
(

−
λN−2,1

ψ1,N−2

)

], λN−2,1 vanishes and3 extra non-zeros
λN−2,N−2, λN−3,N−1, λN−3,N are added toΛ1. In particular,
λN−3,N is introduced toΛ1 due toλN−2,N , which is gener-



ated previously byGφ1 . The above process is repeated until
all non-zeros below the1st component in the first column of
Λ are eliminated, and the resulting matrixΛ, at the end of
this process, takes the form

Λ=







































× × ⊠ ⊠ · · · ⊠

⊠ × ⊠ · · · ⊠

. . .
. . .

. . .
...
×

ψ2,3 υ2,3

ψ2,4 υ2,4

...
. . .

ψ2,N υ2,N

... · · ·
...

ψN−1,N υN−1,N







































. (43)

In particular,Λ1 is transformed into an upper triangular form,
while Λj , j = 2, . . . , N−1, remain intact. The overall number
of basic steps during the1st iteration is in the order of

∑N−1
i=2 i.

Furthermore, from (43), the total number of non-zeros ofΛ1

is (N−1)N
2 −1, andnnz([ΛT

2 . . . ΛT
N−1]

T) = (N−2)(N−1).
Hencennz(Λ) = (N−1)N

2 + (N − 2)(N − 1)− 1.
Similarly, at the2nd iteration (i.e.,ℓ = 2), a sequence of

N − 3 Givens rotations is firstly applied to transformΛ2 into
upper triangular with upper bandwidthq = 1. This process
requires the number of arithmetic operations proportionalto
∑N−2

i=2 i, and the resultingΛ has nnz(Λ) = 1
2

∑2
i=1(N −

i)(N − i+1)+ (N − 3)(N − 2)− 2. However, note that after
this processλJ1+1,2 6= 0. Therefore, an extra Givens rotation
is required to eliminateλJ1+1,2, which effects the2nd and
(J1+1)th row ofΛ. Since the(J1+1)th row ofΛ hasN−1
nonzero elements, this extra Givens rotation process invokes
O(N − 1) basic steps. Thus the total time complexity during
the 2nd iteration is in the order of(N − 1) +

∑N−2
i=2 i.

To seek the pattern of the Givens QR elimination process, as
well as the evolution of the matrixΛ, let us further examine the
3rd iteration (i.e.,ℓ = 3). Similarly, we firstly apply a sequence
of N − 4 Givens rotations so that the resultingΛ3 has upper
bandwidthq = 2, and at the end of this processnnz(Λ) =
1
2

∑3
i=1(N − i)(N − i+1)− 1+ (N − 4)(N − 3)− 3, where

the subtraction of1 is due to the vanish ofλJ1+1,2. After this
process, we observe thatλJ1+1,3, λJ1+2,3, and λJ2+1,3 are
non-zeros, which requires2 + 1 = 3 extra Givens rotations
to eliminate them, with every Givens rotation invoking a cost
proportional toN − 2 (due to the fact that each row where
λJi+j,ℓ, i=1, . . . , 2; j=1, . . . , 3−i, belongs to hasN−2 non-
zeros), thus the total time complexity during the3rd iteration
is in the order of(N − 2)

∑2
i=1 i+

∑N−3
i=2 i. After these extra

Givens rotations have been applied, the total number of non-
zeros inΛ is reduced tonnz(Λ) = 1

2

∑3
i=1(N − i)(N − i+

1)−
∑2

j=1

∑j
i=1 i+ (N − 4)(N − 3)− 3.

Now we are ready to infer the time complexity and space
requirement at theℓth iteration by induction. In particular, a
sequence ofN − ℓ − 1 Givens rotations is firstly employed
and the resultingΛℓ has upper bandwidthq = ℓ − 1, and
after this processnnz(Λ) = 1

2

∑ℓ
i=1(N − i)(N − i + 1) −

∑ℓ−2
j=1

∑j
i=1 i + (N − ℓ − 1)(N − ℓ) − ℓ. Secondly, a total

number of
∑ℓ−1
i=1 i Givens rotations are applied to eliminate

the non-zeros{λJi+j,ℓ | i=1, . . . , ℓ−1; j=1, . . . , ℓ−i}, with
each Givens rotation process of cost proportional toN−ℓ+1,
because ofN − ℓ + 1 nonzero elements in every row where
λJi+j,ℓ, i=1, . . . , ℓ−1; j=1, . . . , ℓ− i, is located. Hence, the
total time complexity during theℓth iteration is in the order
of (N − ℓ + 1)

∑ℓ−1
i=1 i +

∑N−ℓ
i=2 i. After the elimination of

∑ℓ−1
i=1 i non-zeros{λJi+j,ℓ | i=1, . . . , ℓ−1; j=1, . . . , ℓ− i},

the overall number of non-zeros inΛ is reduced tonnz(Λ)=
1
2

∑ℓ
i=1(N− i)(N− i+1)−

∑ℓ−1
j=1

∑j
i=1 i+(N− ℓ−1)(N−

ℓ)− ℓ.
In summary, the overall time complexity of QR decompo-

sition of Λ using the Givens QR is proportional to

N
∑

ℓ=1

[

(N − ℓ+ 1)

ℓ−1
∑

i=1

i+

N−ℓ
∑

i=2

i

]

∼ O(N4) .

On the other hand, since the most dominant source in terms
of memory usage is the storage ofΛ, the space complexity of
QR decomposition ofΛ using the Givens QR algorithm is

max
1≤ℓ≤N

[

nnz(Λ)
]

∼ O(N3) ,

wherennz(Λ)= 1
2

∑ℓ
i=1(N− i)(N− i+1)−

∑ℓ−2
j=1

∑j
i=1 i+

(N − ℓ− 1)(N − ℓ)− ℓ.

APPENDIX C
PROOF OFPROPOSITION2

Proof: The proof is straightforward. Firstly, by the def-
inition of vℓ, we haveQℓ = diag(Iℓ−1,Q), where Q =
ImH−ℓ+1−βℓvv

T. Thus, assumingΠℓ = InH
, we have

H(ℓ) = QℓH
(ℓ−1)Πℓ =

[

H
(ℓ−1)
1,1 H

(ℓ−1)
1,2

0 QH
(ℓ−1)
2,2

]

=

[

H
(ℓ−1)
1,1 t H

(ℓ−1)

1,2

0 Qu QH
(ℓ−1)

2,2

]

. (44)

Sincev is chosen to zero all but the first component ofu

[see (19)], we haveQu = rℓe1 with the expression ofrℓ
provided by (21). On the other hand [see (14)],

QH
(ℓ−1)

2,2 = H
(ℓ−1)

2,2 − v
(

βℓ
(

H
(ℓ−1)

2,2

)T
v
)T

(45)

=

[

s̄T

H
(ℓ−1)
2,2

]

−

[

v1
v−1

]

δT =

[

s̄T − v1δ
T

H
(ℓ−1)
2,2 − u−1δ

T

]

,

where the last equality derives fromv−1=u−1 [see Remark 2].
Comparing (44)-(45) with (20) and matching corresponding
terms, we obtain (22) and (23).

APPENDIX D
COMPLEXITY ANALYSIS OF COLUMN PIVOTING

In this appendix, we address the computational complexity
of column pivoting, which corresponds to Lines 1-4, 6, 10-13
in Algorithm 1.

Firstly, we investigate space complexity. Since the squared-
norm vector[c1 . . . cnH

] and permutation vector[π1 . . . πnH
]

are required for performing column pivoting, we conclude that
the space complexity isO(nH), or equivalently,O(N).



Secondly, for time complexity, we break down the overall
arithmetic operations into two phases, namely (1) initial gen-
eration ofcj , j = 1, . . . , nH, in Lines 1-4, and (2) sequential
update ofcj , j = ℓ+1, . . . , nH, corresponding to Lines 6, 10-
13 during theℓth iteration of the while-loop.

During the initialization stage, calculating everycj , j =
1, . . . , nH, involvesO(N) operations, since each column ofH

has at most4(N −1) non-zeros (see Remark 1). Furthermore,
finding the maximum element amongnH = 3N scalars can
be achieved innH − 1 basic steps. Thus, executing Lines 1-4
can be fulfilled inO(N2) basic steps.

To analyze the complexity associated with the update stage,
let us focus on theℓth iteration of the while-loop. We first note
that exchange of theℓth andℓ∗th columns ofH(ℓ−1), as well
ascℓ andcℓ∗ in Line 6 can be tracked and effectively imple-
mented by pointers in practice, without physically swapping
real data in memory. On the other hand, the total number of
operations for updatingcj , j = ℓ+1, . . . , nH (see Lines 10-12
is nH − ℓ. Additionally, the maximum operation in Line 13,
similar to that of Line 4, can be achieved innH−ℓ basic steps.
Hence, the number of basic operations for the update phase at
the ℓth iteration is ofO(nH − ℓ), and therefore, the total time
complexity associated with sequential update isO(N2).

In summary, we conclude the overall time complexity of
column pivoting isO(N2).

APPENDIX E
PROOF OFPROPOSITION3

Proof: Firstly, we notice thatc∗ = ‖u‖22 is readily
available from the column pivoting stage (see Line 4 forℓ = 1
and Line 13 forℓ > 1 in Algorithm 1), and needsnot to be
recomputed. From (19), (21) and Remark 2, it is clear that
calculation ofv, βℓ, rℓ in Line 7 requires aconstantnumber
of basic steps. Furthermore,u andv shareexactly the same
sparsity pattern, thusnnz(v) = τℓ−1.

Secondly, we examine the number of basic steps for com-
puting the matrix-vector productδ = βℓ

(

Λ
(ℓ−1)

2,2

)T
v, whose

element δj is the inner product ofβℓv and the jth col-

umn of Λ
(ℓ−1)

2,2 , j = 1, . . . , nΛ − ℓ. Since nnz(v) = τℓ−1,
computingδj only requiresτℓ−1 scalar multiplications and
τℓ−1 − 1 scalar additions. Therefore, computingδ involves
O((nΛ − ℓ)τℓ−1) operations. Onceδ is computed, updating
s = [s1 . . . snΛ−ℓ]

T is trivial with nΛ − ℓ basic steps
[see (22)]. Thus, the overall time complexity of Line 8 in
Algorithm 1 isO((nΛ − ℓ)τℓ−1).

Thirdly, we note that (23) is a rank-one modification, where
Λ

(ℓ)
2,2 is obtained by subtracting an outer productu−1δ

T from

Λ
(ℓ−1)
2,2 . This rank-one update process has a cost of(nΛ −

ℓ)(τℓ−1−1). In particular, we only need to modify those rows
of Λ(ℓ−1)

2,2 whose indices correspond to the linear indices of the
nonzero elements ofu−1.

In summary, the time complexity of Householder update at
the ℓth iteration, dominated by the computation ofδ and the
update ofΛ(ℓ)

2,2, is O((nΛ − ℓ)τℓ−1).
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