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This Techreport derives the Jacobian needed for error conversion when changing from Euler angles to
quaternion based attitude representation. When applying the following results, it is important to pay careful
attention to the super- and subscripts, i.e., the convention used in this report to express the global frame
with respect to the local frame.

1 Rotational Matrix and Quaternions

As shown in [2], the rotational matrix éC can be expressed in terms of the corresponding quaternion
_ T
g=[a @] as

¢C(a) = (24§ — 1) Iax3 — 2q[a x| +2aq" (1)

where |q x| denotes the skew-symmetric cross-product matrix

0 —g @
lax]=|aea 0 -aq (2)
—q2 ¢ 0

Note the following property of a skew-symmetric matrix
Clax|CT = |Cax| (3)

where a is a vector and C a rotational matrix.
In case of only a very small rotation §g, we can use the small angle approximation to simplify Eq. (1).
We can write the quaternion describing a small rotation as

_[s

7= | o] @)
_ [ksin(60/2)
N ! cos(660/2) } (5)
~ _2<159] (6)

leading to the following expression for the corresponding rotational matrix
&C(67) =~ Iyxs — 66 x| (7)

Note that 46 is the product of the infinitesimal rotation angle 60 and the axis of rotation k.
Using a multiplicative error model for the quaternion, we can decompose the true orientation into a

quaternion product of error quaternion 4G and estimated quaternion é(i

(8)
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Li=tiqe§



As a consequence of the chosen quaternion convention, this entails

4C(7) = 6C(64® ) (9)
=Lc(oq) - £C(d) (10)
= (Lixs — [0 x)) - £C(§) (11)

2 Rotational Matrix and Euler Angles

The rotational matrix can be parametrized by a three angles (the so-called Euler angles) describing a sequence
of rotations.
In its most general form, this can be written as

~

&C(a, B,7) = C(a,i) - C(B,§) - C(v,k) (12)

where «, 0, are the angles of rotation and 1,j,k denote the unit vectors along the corresponding axes of
rotation. For a more detailed overview, please refer to [1].

Employing Egs. (3) and (11), and neglecting second order terms, we can decompose Eq. (12) in a product
of error term and estimated rotational matrix as

LC(a,B,7) = (Isxs — [dai x]) - C(a&,1) - (Isxs — 1065 %)) - C(B,]) - (Isxs — [07k x] - C(%, k) (13)
= (Lyys — |dad x|) - (13X3 —c(a. )]0 ij(d,i)T) .C(@d) - CB.))
(Isxz — 07k x] - C(#,k) (14)

=~ (Tzxs — [6ai x| — [C(&,1)50] x]) - (ngg — C(a,1)C(8,))| 57k xJC(Bj)TC@,i)T)

- C(a,1) - C(8,]) - C(5,k) (15)
~ (Taxs — [dai x| = [C(a,D36) x| = [C(a,1) - C(B.)ovk <) - C(a,D) - C(B.J) - C(3. )
(16)
= (Taxa = 8ai - €(a,)96) - C(@.0) - C(AJovkx]) - C(@.d)-c(3y)-cG.k)  (17)
Comparison with Eq. (11) reveals that
660 = i+ C(&, 1)06] + C(a,1) - C(5,))o7k (18)
da
=H |3 (19)
et
where . N s
H=[i C(4i)j C(a1)C(3 k] (20)
is the Jacobian.
The covariance can then be converted as
Psg = HP;, 55,5, H" (21)

3 Monte Carlo Simulation
The results for covariance transformation have been verified through Monte Carlo simulations. Fig. 3 shows

exemplary results for the parameters given in Tab. 1. The results show good correspondence between the
covariance computed by Eq. (21) and the sample covariance.
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Figure 1: Monte Carlo error distribution. Overlay of sample covariance and theoretically determined covari-
ance.
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Quantity Value

No. of samples 10000
i [0 0 1)7
j [0 1 0]7
k (1 0 0]

« /3

B /4

0l —n/5
Pso.08.0v 0072 rad? - 5y s

Table 1: Monte Carlo Parameters
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